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ON SIMPLE ALTERNATIVE RINGS 
A. A. ALBERT 


1. Introduction. The only known simple alternative rings which are not 
associative are the Cayley algebras. Every such algebra has a scalar extension 
which is isomorphic over its center F to the algebra C = e,,F + e,.F + C,. + C.,, 
where C;, = e,,F + f:;F + 2:;F (4,7 = 0,1; i #7). The elements e,, and e,, 
are orthogonal idempotents and ¢@,;%;; = %4j€;; = Xj, €;;Xig = Xe, = O, 
x,;2 = 0 for every x;; of C,;;. The multiplication table of C is then completed 
by the relations' 


FioBre = Cory Zrv€ro = fors Crafre 
Zorfe: = Crer CorBe: = Sires Sor€os 
Citic = Sihis = Bilis = 

Codis = CeiWie = SesOis = SeiWis = Bits = Lishis = 9. 

R. H. Bruck and E. Kleinfeld have recently shown* that every alternative 
division ring of characteristic not two 1s either associative or a Cayley algebra. Their 
methods do not seem to be readily applicable to the simple case but we shall 
use the machinery of idempotents to prove the following result. 


THEOREM. Every simple alternative ring which contains an idempotent not its 
unity quantity is either associative or is the Cayley algebra C. 


2. Elementary properties. Our results are based on properties which were 
given by Zorn. He assumed that the characteristic was not 2 or 3 and did not 
give complete details of his computations. As we shall make no assumption 
about the characteristic of our rings it will be necessary for us to re-derive the 
properties of Zorn and so make our exposition quite self-contained. 

We first note that an alternative ring C is a mathematical system having the 
usual properties of associative rings except that the associative law for products 
is replaced by the identities x(xy) = (xx)y, (yx)x = y(xx). It is easy to see 
that the associator 

(x, y, 2) = (xy)z — x(yz) 
is an alternating function of its arguments x, y, 2, a result which implies that 


(5) 2(xy + yx) = (sx)y + (zy)x, (xy + yx)2 = x(yz) + y(xz), 
2(xy) + y(xz) = (2x)y + (yx)z, 


for every x, y,z of C. We shall assume henceforth that C contains an idempotent 
u not the unity quantity of C. 


Received January 18, 1951. 

1The multiplication table of a Cayley aigebra was given in this form by M. Zorn, Theorie der 
alternativen Ringe, Abh. Math. Sem. Hamburgischen Univ., vol. 8 (1930), 123-147. 

*The structure of alternative division rings, Proc. Amer. Math. Soc., vol. 2 (1951), 878-890. 
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130 A. A. ALBERT 


The ring C may be expressed as the module direct sum C=C,,+C,.+C,,.+C.,, 
of its submodules C,; where C,,; consists of all x;; of C such that ux,; = ix,,, 
Xj = jx,; (i,7 = 0,1). Indeed if x = x,, + x,, + x,, + x,, thenx,, = u(xn), 
Xo = ux — u(xu), x, = xu — u(xu), x. = x — xu — ux — u(xu). This decompo- 
sition is precisely that of the associative case and needs no additional argument. 
However the multipicative properties of the modules C,;; need to be derived. 
We proceed as follows: 

Let ux = Ax, xu = px, uy = ay, yu = By. Then 


(x,y, u) = (xy)u — x(yu) = (xy)u — Bry = —(y, x, u) = y(xu) — (yx)u 


= pyx — (yx)u = — (x, u, y) = x(uy) — (xu)y = (a — w)xy = (y, u, x) 
= (yu)x — y(ux) = (8B — A)yx = (u, x, y) = (ux)y — u(xy) 
= Axy — u(xy) = — (u,y, x) = u(yx) — (uy)x = u(yx) — ayx. 

We thus obtain the identities 

(6) (xy)u = (a + 8 — p)xy, u(xy) = (A+ 4 — a)xy, 

(7) (yx)u = (A+ u — B)yx, u(yx) = (a + B — A)yx, 

(8) (a — p)xy = (8 — A)yx, 


where (7) is obviously derivable from (6) by the interchange of x and y and the 
consequent interchanges of A, wu with a, 6. If \=n=a=8=1 we have 
(xy)u = u(xy) = xy and so C,, is a subring of C. Similarly the values \ = u 
=a=£8=0 yield u(xy) = (xy)u = 0 and so C,, is a subring of C. We 


now put A=y=1 and a= 8=0 to obtain xy = yx, (xy)u = — xy, 
(yx)u = 2yx, and so (xy)u = 2xy, 3xy = 0. But [(xy)uJju = — (xy)u = xy 
= (xy)u® = (xy)u = — xy and 2xy = 0, xy = 0. This proves* that C,, and 


and C,, are orthogonal subrings of C. 

We next put A = » = 1=aand8=0. Then (xy)u = 0 and u(xy) = xy, 
yx = 0,andsoC,,C,,. € C,., C,.C,, = 0. By symmetry C,,C,, € C.,, C.,C,, =0. 
Similarly, the values \ = 4» = 8 =0 and a=1 yield xy = 0, u(yx) = yx, 
(yx)u = 0, and so C,.C,, = 0, C,.C,. © C,., and C,,C,. = 0, C..C., © C., by 
symmetry. The relations C,,C,, C C,,, C..C,. C C.. follow from (6) ,(7) by 
taking A= B=1,a=yz= 0. 

The properties derived so far for the component modules C,; are properties 
satisfied by all associative rings. In the associative case C,,? = C,,2 = 0. How- 
ever, this last result need not hold in the alternative case, and we now put 
a= = 1, uw = 8 = O and obtain (xy)u = xy, u(xy) = 0, xy = — yx. Thus 
we have the property 


(9) XieVio = — Vre%re = ery 
for every x,, and y,, of C,,, where z,, isin C,,. Similarly 
(10) XorVor = — VorXer = Sree 
*This seems to be one of the few places in our development where an assumption about the 


characteristic would make any difference. 
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Now ~x,,? = (ux,.)%,. = ux,,? = uz,, = 0, and by symmetry we have the rela- 

tion 

(11) x? = 0 (i,j = 0,1; 4 ¥ 7). 
Zorn also gave the following result: 


LemMA 1. Let x, y, z be elements of the component modules of C not all in the 
same subring C;;. Then (x, y, 2) = 0 except possibly when at least two of the 
elements are in the same module C,; (i # j). 


We also have the identities 


(12) 255 (X65Ves) = (e5Bi5) Ves = Hes (HesBss), 
(13) (xe:Ves Bec = (SeeXeg Yes = Xj (Bic), 
(14) Haj (VseBie) = Be (XesVie) = (SieXes) is, 
(15) 5 (VesBes) = Seg Waser) = Yes SesXes), 
(16) (x6:Ver Bes = (SesXeg Ves = (YesBes)Xes- 


We use (5) to write 
B54 (X6gVie) — Hag (VpeBie) = Bia (MeGWia) A Leg (Sp eVia) = (SpeXeg A XeiBia)Vie = (SeXy Vic 
since (x,;2;;)y;, = 0. This proves (14). Also 
(x6sVes Bec HH (SecWes Keg = Kes (VesBec) 4 Sec (HeeXes) = 0 


and so(xi;Vis)2ic = — (SecVes Rey = Xj (Zcc¥e;). Interchange x and y to obtain 
(YesX es) Bee = — (SecXes) Veg = — (X67) and we have proved (13). Formula 
(12) follows by symmetry. Now (x4, ¥;;, 2;;) = 0 trivially, 


(Xs, Viis 243) — = (x55 Zé Via) = X55 (ZiiVee) — (55855) Ves = 0, 
(X ses Vein Bis) = — (Ves Kear Bs) = Ves HeeBiz) — (VesXee)Bi5 = O, 
(X65, Viis 253) = _— (Vein Keay Bes) = Vig (Xe 4s) —_ (Vi sX ee) Bie =_ 0. 


The remaining properties of the associator follow by symmetry. Formula (15) 
states that the factors in x,;(y,;2;;) may be permuted cyclically. To prove this 
result we use the final relation in (5) to write 


245 (X659s) + Vij (Xe 5Ses) a (255X465) Vii + (944% e5)Be;- 


The left member is in C,;,C;;? © C,,C;, © Cy, and the right member is in 
C,,°C,, € C;,C;; C C;;.. Since i + 7 both members vanish and we have 


= Vis (% 55855) _ Vig (SepX 5), (255% 65) Voi —— (65% es) Be, = (X45 :Ves Bey 


from which we have both (15) and (16). 


Corottary. The ring C is associative if and only if both C,, and C,, are associ- 
ative and C,,? = C,,? = 0. 
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3. Construction of ideals. We first consider the product py, = x, (y4;%4;) 
which is an element of C,;C,;? C C,,; and let a,, be any element of C,,. Then 
QgePis = (GesXs;) (¥45%;) by Lemma 1. But then (15) and (13) imply that 

QisPic = 21 (@scXes) Ves] = 255 [(X65¥s5) Ae] - [265 (X4s¥e5) lose = PisQix 
for every ass of Ci and Psi of C.,C,;*, C,.(C,;C,,7) = (C, C5; C,5 SCC, 5%. If 
b;, is in C,,; then 
bss (AssPix) = bes (@esXe;) (Vass) ] = [bs ¢(@eXes) | (esas) 
( (05005 )045) (e525) - (Dies) Peis 


II 


and C,;C;;? is contained in the centre of C,;;. By symmetry we have the 
following result: 


LemMA 2. The modules C,;C;;? and C,;,°C;; are ideals of C,, which are con- 
tained in the centre of C;, (i, 7 = 0,1; i # j). 


We next prove the following result: 


Lemma 3. Let B; be an ideal of C;;. Then 
(17) D, = B, + B.C,; + CB; + (C;,B)C;, (i,j = 0,1;4 #7) 
is an ideal of C. 

We have (C;,B,)C;; = C;,(B;C;;) by Lemma 1. We now compute 


C,,D, = C,,B; + (C,,B,)C,; Cc D,, D.C; — B.C; + C;,(B:C,,) Cc D,, 
C,,D; - C,;(C;.B,) + C.5[(C; Bi) C,;] c C,,B, + (Ci (C, BIC, + (C;,B,) (C,,*) 


by (14). Then C,,D, Cc B; os B.C,; + (C;.B)C;, - B; + B.C,; + B.C;,? - D; 


since C;,2C C,;. Also 
D.C,; = B.C; ;+ (B.C,,)C.;+ (C,,B,)C,; S B.C,;+ C,,7B;+ C;,(B,C,,) . D,. 


If we pass to a ring anti-isomorphic to C the module D, is unchanged but C,, is 
replaced by C;;. Hence C;,D; © D,, D,C;; © D,;. Finally 


C,,D, ” C,,(C;,B,) + C;,[(C;<Bs) Cos] 
- (C;;C;,)B, + [C;;(C;.B,)C,; = C;,B, + (CBC; = D., 


and D,C;; = B.(C.;C;;) + (C;.B)(C.;C;,) © D,;. This completes our proof. 
LemMa 4. Let 
C%.. = C6! = CX. = GG! = 6 
Then G = C,,? + C.,.? is a proper ideal of C. 
We have 
CG = C,.C;2 = (C. CC, G2 OG, GO,.=C,7C,,=C,(C.C,,) SoG. 
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Also C.,G = C.sC;4? GS C,;? - G, GC,,; C C,.°C,, - C,,? G G, as desired. 
Now C,, ~ 0, C,, is not contained in G, and G is a proper ideal of C. 

The constructions just given are sufficient for our needs and we proceed now 
to the simple case. 


4. Simple rings. Lemma 1 implies that 


Xe [Vee (B55;s)] = Keel (YesBis) Wye] —_ [65 (VeeBes) 4, 
[ (x6 6Hea) Bes ]O4< -_ (4 5¥e) (25s). 


Since x,,(2;;0;;) = (x¢%;)w;, and (2,;w,,)x;, = 2;;(wW;.x%;;) we see that C,,C,, 
is an associative ideal of C;;. It follows immediately that B = C,.C,,+C,,.+C., 
+ C,,C., is an ideal of C. If C is simple and B = 0 then C,, is a proper ideal of 
C, and C = C,, has uw as unity quantity contrary to hypothesis. Hence B = C, 
C.,C;; = C,, is associative. If B, were a non-zero proper ideal of C,, the ideal 
D, of Lemma 3 would be a non-zero proper ideal of C. Thus we have 


LemMa 5. Let C be simple. Then C,, is a simple associative ring and C.,, is 
either zero or a simple associative ring. 


When C is simple the set G of Lemma 4 cannot be a proper ideal of C. Hence 
C is either associative or G = C,,? + C,,2 + 0, one of the modules C,,C.,,?, 
C.,7C.,, €..2C,., C.,C,.2 must not be zero. Let C,,C,;2 #0. By Lemma 2 we 
know that B, = C,,C,,? is a non-zero ideal of C;,, by Lemma 5 that B; = C,,, 
C,;, coincides with its centre and must be a field. If a; = x,,h;, # O where x 
is in C,; and y,, is in C,,;? then 


ij 


a? = a,(xiyis) = (Gita) = Ka Ors) lV, 4 9 


and so y,;,x;; ~ 0, C,;*C,;; # 0. The converse is obvious and so C,,C,,;? = 0 if 
and only if C;;*C;; # 0. It follows that both C,, and C,, are fields. Moreover, 
since we may pass to an anti-isomorphic ring if necessary, we may assume that 
C,.C,.2 = 0. We now prove 


LemMa 6. The rings C,, and C,, are isomorphic fields with unity quantities 
u = e,, and ¢,, respectively, e = €,, + €,. is the unity quantity of C, e,, = €..€0, 
Coo = €o€,. for quantities e;; in C,; such that e., = f..g.. and f,., g,. are in C,,. 


We select f,, and g,, so that x,,e,, = a, # 0 in the field C,,. Then a, has an 
inverse b, in C,, and b,(x,.e,,) = é,, (b,X,0)€o. = Creer» Thus 


1,7 = €,,(CrcOor) = (Crr€re lor = [Cre (Corre) leer = Crs 
and so €,€,. = €. #0. But 
Cost = (Coclor Ore = [(CerCrellorlere = (Cer€rs)Ore = Corre = 6 


is an idempotent of C,, and must be its unity quantity. 
We now use Lemma 3 with B; = C;; + 0 and see that C,,C,, = C,.C.. = C.., 
C..C,, = C..C,. = C.,. The fact that C,, = C,.C,, implies that ¢,.x., = x., 
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for every x,, of C,,. Similarly x,,e,. = x,, for every x,, of C,,. It is now trivial 
to see that e = e,, + ¢,, is the unity quantity of C. 


The mapping 

Xi; — x7 = Co; (X.1€r0) = (€.:%1:)€r0 
is an isomorphism of C,, onto C,, such that 

Vi0(X,,T) = XirVios (x,,7)Z; = ZorX% a1 
for every x,, of C,,, y,. of C,, and z,, of C,,. Indeed we compute 
Vrollor (Xs €:0)] = (Hrelor) (%rr€re) A [Wire (%ir€r0) lor = Xia l(Wrelor dere + (Wrelre los] 

= %s21Vr0 (Corre + €,0€0:)} one Xi Vioe 
Similarly w,,x,, = (x,,T)w.,. Also 
(x.:7) iT) = [eer (%1:€:0) (rT) = or [(Xi1€10) (WT) 
= ¢,,[¥11(%116.0)] = Cor | (41:91 )Oro] = (x,,9,,)T. 


Since C,, and C,, are fields, this proves that T is an isomorphism of C,, onto C,,. 
Actually T has an inverse given by x,, = €,.(Xse€0:) = €:0¥e, since then 


His T = [€or (Cre¥or) ere = [(Cor€re) Yor + (CorVorlerolere = (Keeler ere = eos 
a result following from (z,.¢€,.)é:. = 2:0€:.°7 = 0 and 
(Xoclor ere + (XoclrelOor = (Xoelor ere = Xeoloo = Xeo- 
We now show that the set Z of all elements z = z,, + 2,,7 is contained‘ in 
the centre of C. Indeed zy,; = y,,2 for every y,; of C,, trivially. Also 
2Vi0 = BNie = Voll) = Wied, BY = 2 
for every y of C. Since Z = C,, + C,, we know that the associators (z, x, y) 


with x and y in components C;; are zero unless possibly when x = x,, and 
y = y;; are in the same C,; (i ~ 7). But 


(C211 + ST )Xre)%re = (Sis%re) Vso 
(S12 HST) re¥r0) = (FT) re¥ro) = [re (ZsT) ie = (81:%10) Hie 
as desired. 
By our construction, C,, = e,,Z and C,, = e,.Z are one-dimensional algebras 
over Z. We also note that since ¢,,¢,, = @.6(fiese) = €:, We may use (15) to 
obtain g,o(€ref10) = fro(Ziclro) = 1. Put 


Crafre = Bory Zrclic = for 
and obtain (1). Then 


ZorBre = (Crehre) Bro = (fickrellre = Coo = (Biclso fre = Sorhre 


and we have (3). Now @,.80: = @:0(€refie) = 0, Crafers = Cro(Zrc€re) = — Cre (€ro8s0) 
= O since e,,2 = 0. Similarly 


‘If C has characteristic not two or three the property zy = yz implies that (z, x, 
However our proof is so arranged that (2, x, y) = 0 is quite trivial. 
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Iau = file: = 210€o: = Buches = 0, 
Zori@re ed Fetus = oe = =m = Corkic = | = 0 
and we have completed a proof which shows that (4) holds. The computation 
Cor (Zielsre) + Zre(Cor€re) = Corfor + Bie = (CorBre 1 Bieler ere = 0 


yields g,, = f..@.,. The remaining formulae of (2) are derived similarly. 

We have now shown that C contains an algebra D over Z with the multipli- 
cation table given by (1)-(4). It remains only to show that ¢,,, f,;, gi; are 
linearly independent over F and that these elements form a basis of C,,; over Z 
in order to prove that D is the eight-dimensional Cayley algebra over Z and that 


C =D. 


LEMMA ae Let hy;h;; = €;; SO that hihi; = €;;. Then Xishy; = 0 if and only 
if x;; = ah,,; for a in Z. 


We have X55 (Cs5 + €;;) =X = (x;y; )hi, oa (x shy<)hy;. If Xeshy; = 0 then 
x3; = ah,; with x,,h;, = ae;, and ain Z. The converse follows from h,,* = 0. 


LEMMA 8. Let x,;¢;5 = Xgifjg¢ = X24, = 0. Then x,; = 0. 
If x,;h;; = ae;; and h,;,x,;; = Be;; then 
hy (xghys) = alge = (yxy )hyy = Bhy,. 
Ifh; ~Othena = 8. Now x6; = + x4;(f;.g;<) by (1) and (2) and so 
Cis = A [Bis ashic) — (Gseres fic] 


by (14). It follows that x,,e,; = 0 and that x,; = ae,;. Similarly x,, = 8f;;. 
But if a + 0 we have 
0 


ae; iJa3 = + ag;; = Bf 5? 

contrary to hypothesis. Hence a = 0, x,; = 0. 

It is evident that the proof above implies that f,; ~ ae,, for a in Z. If 
2s; = ae; + Bf;; then 

Biles = Shey = Bhiscy = + Bais 

which has been shown to be impossible. We have shown that D is an eight- 
dimensional algebra. 

We now let x,;¢;, = a€s:, Xeihic = Besa, XiiBis = Yes for a, B, y in Z. Then 
Vis = Xp — (as; + Bhi; + Ves;) has the property that 


Vitis = (a — ale, = 0, 
Velie = (8 —= Bes 0, 
Viikis = Y — Vex = 0 


and so y;; = 0 by Lemma 8. This completes our proof. 


The University of Chicago 











A SYMMETRIC PROOF OF THE RIEMANN-ROCH 
THEOREM, AND A NEW FORM OF THE UNIT 
THEOREM 


S. BEATTY anp N. D. LANE 


Introduction. Let F(z, u) denote 


(1) u" + u""Fi(s) +... + F, (2), 
where F,(z),..., F(z) are rational functions of z with complex coefficients. 


We shall speak of F (z, u) = 0 as the fundamental algebraic equation and shall 
adopt z as the independent variable and u as the dependent, except in § 4, 
where we use x and y instead of them, and where it is understood that x and y 
are connected birationally with z and u. We shall say that the fundamental 
equation is reducible in the field obtained by adjoining z to the totality of 
complex numbers, provided F(z, ~) is the product of two factors H(z, «) and 
K(z, u) of the same form as itself and beginning with the terms xu” and u* of 
positive degrees. If no such factorization of F(z, u) exists, we shall say that the 
fundamental equation is irreducible in the stated field. Nothing is lost by ex- 
cluding the case where F(z, u) has repeated factors. 

The form of the Riemann-Roch Theorem [8, Chap. 19, § 5, I] in which z is 
adopted as the independent variable is 


(2) N(r) + 3202 = NF) + 3LDD. 

In § 4 we shall show that the theorem has invariant character, in the sense 
that it continues to hold when any rational function of (z, u), say x, is used as a 
substitute for z in playing the role of independent variable, provided x is non- 
constant for each of the irreducible equations contained within the fundamental 
algebraic equation. 

In the meantime, it is necessary to state what is meant by the various items 
appearing in (2). We shall speak of an order basis (r) or a divisor A. A given 
individual order 7 refers to a given u-branch at a given z-value. The z-value is 
the primary thing, since it alone is responsible for the division of the expansions 
of a rational function of (z, «) into cycles. The only point in mentioning u derives 
from the fact that its expansions are certainly all different, and so it is easy to 
recognize from them what the cycle distribution is. If the u-branch belongs to a 
u-cycle made up of »v branches altogether, then the order + must refer to each of 
these u-branches and must be a multiple of 1/». The totality of all individual 
orders 7 taken for all u-branches at all z-values is the order basis (r), where it 
must be understood that only a finite number of the individual orders 7 are 


7 


different from zero. Our concern is with rational functions of (z, ~) taking orders 
Received October 12, 1950; in revised form October 31, 1951. 
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for all u-branches at all z-values equal to or greater than the corresponding orders 
in (r). Such rational functions of (z,«) are said to be built on the order basis 
(r). The number of linearly independent rational functions of (z, «) built on 
the order basis (7) is denoted by N(r), or dimension (A), which is positive except 
in the case where 0 is the only rational function of (z, u) built on the order basis 
(r). The sum >>> 7 of all the individual orders r making up the order basis (r) 
is, of course, an integer and is denoted by — (A). The primary element of the 
summation is 7, which refers to a u-branch at a z-value, while the secondary 
element is rv, which refers to a u-cycle at a z-value. These secondary elements 
tv are then summed for all u-cycles at all z-values. Thus far, we have indicated 
what is meant by the (r) side of (2), namely 


(3) N(r) + 4237, 

which we shall denote by RR(r) and refer to as the Riemann-Roch expression 
for the order basis (r). As far as the (7) side of (2) is concerned, it is only neces- 
sary to state how (7) is derived from (7). Order bases (7+) and (7) are said to be 
complementary, to the level of a rational function S(z, «) not identically zero 
for any u-branch at any z-value, provided 


(4) r+F=o0-1+1/p 


for all u-branches at all finite z-values, while 


(5) r+7F=e0+1+1/y 

for all u-branches at the infinite z-value, where (c) is the order basis composed 
of the exact orders of S(z, u) for all u-branches at all z-values. The value of the 
(7) side of (2) is the same for all such rational functions S(z, u), since both 
N(#) and >-> #v are the same. A first important special choice of S(z, ~) is the 
function dF(z, u)/du. Since F(z,u), has no repeated factors, the function 
dF(z, u)/du supplies an order basis, to be denoted by (x). This is the choice of 
S(z, u) that will be made in §§ 1, 2, 3. It owes its importance to its presence in 
the Lagrange Interpolation Formula for reducing a rational function R(z, u), 
as given by 


(6) > Oe (Rian) 


: 


OF (2,u ) F(z, “) 

Ou Jum, U—-My 
A second important special choice of S(z, «) is a function which is a constant 
different from zero for all of the irreducible equations making up F (z, u) = 0. 
It supplies by its orders the order basis (0). This is the choice of S(z, u) to be 
made use of in § 4. It identifies the order basis (7) with the divisor W/A, where 
W is the divisor equivalent to the order basis made up of orders — 1 + 1/yr for 
all u-branches at all finite z-values, and orders 1 + 1/y» for all u-branches at 
the infinite z-value. A natural source of each of these individual orders is well 
known. Indeed, for an individual u-branch at an individual z-value the indivi- 
dual order presents itself as the least order we can permit a rational function of 
(z, uw) to have there, if, on multiplying the function by dz and integrating the 
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resulting differential, we insist on the integral being finite there. We shall write 
(2) from here on in the form 


(7) RR(r) = RR(?). 


In [7], formula (7) was established directly for assigned complementary 
order bases (r) and (7). In [2] and [4], the issue turned on the result of depressing 
(7) to (¢) and correspondingly raising (7) to (2) until a stage was reached when 
N(t) became known and N(#) became zero. The present paper treats both com- 
plementary order bases (r) and (7) in the same general way. Indeed, we shall 
show in § 1 how to pass from complementary order bases (r) and (7) to com- 
plementary order bases (¢) and (Z) in such a way that we can count on the 
equations 


N(t) = N@) =0 and RR(t) — RR(@) = RR(r) — RR(#) 


holding. The resulting combination of complementary order bases (¢) and (7) 
is called the 0-0 case. In § 2, we shall obtain a lower bound for the value of 
N(r) and make use of it in § 3, in combination with the results of § 1, to complete 
the proof of the Riemann-Roch Theorem and set up a new form of the Unit 
Theorem equivalent to it. 


1. The 0-0 case. We have already indicated in the introduction what we 
aim to do in this section. Given complementary order bases (r) and (7), it is to 
find complementary order bases (¢) and () such that 


N(t) = N(@) = 0 and RR(t) — RR@) = RR(r) — RR(#). 


There is nothing to do if N(r) = N(#) = 0. We may suppose, therefore, that 
N(r) and N(#) are not both 0, and we shall show that a finite number of appli- 
cations of a certain typical process gives us the complementary order bases 
(t) and (2) that we are after. It will be enough to describe the first application 
of the process. Taking N(r) to be positive, let us select a u-branch at some 
z-value so that the corresponding order r of the order basis (r) is taken by some 
of the rational functions of (z,~) built on the order basis (7). Suppose the 
u-branch selected belongs to a u-cycle of vy branches. Let us replace each of these 
orders 7 as they appear in the order basis (r) by +r + 1/» to get a new order basis 
differing from the original order basis (7) only in respect of the u-branch selected 
and the remaining u-branches of the same u-cycle, and then simply by being 
1/»v greater. The Riemann-Roch expression for the new order basis is, therefore, 
less than RR(r) by 4, seeing that its first term is less than N(r) by 1, while its 
second term is greater than 4 >>>> rv by 4. We can be certain that the Riemann- 
Roch expression for the order basis complementary to the new order basis is 
less than RR(7) by 3, if we can satisfy ourselves that its first term is exactly 
N(r), while its second term is } less than 4 }>>> 7». It is clear that the latter of 
these statements is true. We shall now show that the former one is also. There 
is no rational function of (z, ~) built on the order basis complementary to the 
new order basis but not built on the order basis (7). For if so, let it be multi- 
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plied by a rational function of (z, «) built on the order basis (r) but taking the 
exact order r for the u-branch selected at the z-value, and let the product be 
divided by dF (z, u)/du. It is clear that this would give us a rational function of 
(z, %) whose order for the u-branch selected would be — 1, or 1, according as 
the z-value was finite, or infinite. Indeed, this would be the case for all the 
other u-branches in the same w-cycle as well. In short, we should end up by 
having a rational function of (z, u) with only a single residue, which we know 
to be impossible. To sum up, we can say that complementary order bases (r) 
and (7) were replaced by a new order basis and its complementary order basis, 
and that V(r), N(#), and RR(r) — RR(#) were replaced by N(r) —1, N(#), 
and RR(r) — RR(7). Hence, after a finite number of applications of the typical 
process described above we arrive at complementary order bases (¢) and (#) 
with the properties: 
N(t) = N(@) = 0 and RR(t) — RR(i) = RR(r) — RR(F), 

as required in the 0-0 case. 


2. A lower bound for N(r). The result of the present section contrasts with 
that of § 1 as positive with negative, in the sense that it derives from adopting 
a degree of generality which the functions involved succeed in reaching, whereas 
in § 1 a degree of generality presented itself which was never attained by any of 
the functions involved. In particular, we aim to show that 


(8) N(r) >n+ Dd a. 


The fundamental exponents (a) derive from the order basis (7) and from the 
use of u as dependent variable. Indeed, the derivation takes place locally, that 
is for each z-value taken by itself. In other words, (a) derives from (r), where 
the single brackets in each case refer to the individual z-value we wish to con- 
sider. In particular, let (r) be the part of (7) that refers to the individual z-value 
z = a. Moreover, let 


(9) Wy—i(2,%),... » Wo(Z,u) 


be a local function basis for all the rational functions of (z, u) built on (r), or, 
in other words, let all these rational functions of (z, u) be just those of the form 


P,-1(z)wWp-1(2,u) +... + Po(z)wo(z,u), 


where P,_;(z),...,Po(z) are rational functions of z regular at z = a. Indeed, 
the local function basis in (9) may be normalized so that the functions in order 
may be of degrees m — 1,...,0 in u, and, furthermore, so that the leading 
coefficient is just a power of z — a in each case. This makes the functions in (9) 
start off with the terms 





(10) —S___ |, 


which puts in evidence the local fundamental exponents 


(11 a See ao, 
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which we denote collectively by (a). When the infinite z-value is chosen instead 
of z = a as the individual z-value, the corresponding discussion applies, with, 
however, 1/z replacing z — a as element. 

It is natural to exhibit a local function basis (9) as a matrix. Each row of the 
matrix has as elements the coefficients of u*~',..., 1 for any one of the functions 
in (9), while each column has as elements the coefficients of the functions in (9) 


for any one of u*“',..., 1. By considering the matrices of equivalent local 
function bases corresponding to a local order basis (r), it is proven in [4] that 
(12) Lrv+dDa=4>d (u—1+4+1/r), 


which, on being quoted for all z-values simultaneously and the results totalled 
up, enables us to write (8) in the form 

(13) N(r) >a —- SE vw - §E> ( — 1). 

For convenience of proof, however, (8) is to be preferred to (13). 

We shall first show that the proof of (8) may be reduced to the case where u 
is without poles for all finite z-values. Given an order basis (7), let (a) denote 
the fundamental exponents resulting from the use of u as dependent variable. 
When u(z — a) is used as dependent variable instead of u, the fundamental 
exponents remain the same as before, except for the finite z-value z = a and the 
infinite z-value. For z = a they have to be increased by m — 1,...,0 over 
what they were originally, whereas for the infinite z-value they have to be 
decreased by these same amounts. In other words, the total }>>- a is not changed. 
Hence, the adoption of u(z — a) as dependent variable instead of u produces 
no change in either side of (8). We can say, therefore, that if (8) is valid in 
either case, so is it in the other as well. It suffices, therefore, to prove (8) on the 
assumption that u is without poles for all finite z-values, since the preceding 
argument can be applied until a dependent variable is obtained whose only 
poles are at the infinite z-value. 

Most of the simplification involved in dealing with the case where u is without 
poles for all finite z-values takes place at the local level and is due to special 
properties of the normalized function basis in (9) corresponding to the local 
order basis (7) for the z-value z = a. These properties, which will be found fully 
discussed in [4], are first that a,_1,..., a9 are monotone decreasing, and second 
that when w,(z, u) in (9) is normalized and written in the form 


i 1 i 
uo+u Hii(z) +...+Ap(z) 
(14) aE -ea ee 
(2 — a)* 
each H;(z) is regular at z = a and may be taken to be a polynomial of degree 
less than a; — a,, in which case its form will be unique. In the sequel, we shall 
always make use of the unique polynomial form for H}(z). 
Local function bases corresponding to local order bases at all finite z-values 
as they are involved in (r) can be combined to form a function basis 


(15) W,-1(2,u), ...,Wo(z,u) 
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for all rational functions of (z, ~) built simultaneously on all the constituent 
local order bases (r) of the order basis (7) at all finite z-values. All but a finite 
number of these local function bases will be u*',...,1. The exceptions will 
be associated with individual finite z-values z = a, z = b,...and will have 
the form of the local function basis in (9), or will be patterned after it, with 
the element z — a being replaced by z — b,.... Naturally, this combined 
function basis (15) serves locally just as well as the local function basis 
u"—!,..., 1 wherever this applies, or as the local function basis in (9), or others 
patterned after it, wherever these apply. This is due to the fact that rational 
functions of (z, ~) exist taking simultaneously the precise orders of (r) at all 
finite z-values, which is made possible through the circumstance that we have 
left complete freedom as to orders at the infinite z-value. 

The coefficients of u*',..., 1 in W,_;(z, u) are all of fixed orders at the 
infinite z-value. In particular, the order of the coefficient of u*~' at the infinite 
z-value is }>’a,_1 exactly, where the prime implies that the summation ranges 
over all the finite z-values but does not extend to the infinite z-value. The same 
type of remark applies to each of the remaining functions in (15). The final 
one is that Wo(z, w) has the exact order }°’a» at the infinite z-value, where the 
prime applies as already stated. 

The rational function of (z, u), 


(16 P,-1(2) Wa-1(2,u) +... + Po(z)Wo(z,u), 


in which P,_1(z),..., Po(z) are arbitrary polynomials of suitably limited de- 
grees, will serve as a sufficiently general rational function of (z, u) built simul- 
taneously on all the constituent local order bases (r) of the order basis (r) at 
all finite z-values. This general function (16) can, of course, be converted into 
the general rational function of (z, u) built on the order basis (r) by applying 
to it the conditions necessary to insure that it is also built on the constituent 
local order basis (r) of the order basis (7) at the infinite z-value. We are safe in 
limiting in suitable fashion the degrees of the polynomials P,_:(z),..., Po(z), 
seeing that even the general rational function of (z, u) built on the constituent 
local order basis (r) of the order basis (7) at the infinite z-value does not contain 
arbitrarily large powers of z. In other words, since the application of the con- 
ditions insuring that the function is built on the constituent local order basis 
(r) of the order basis (7) at the infinite z-value will require the coefficients of 
all powers of z beyond a certain degree to vanish, we run no risk in taking them 
to be zero at the start. With this in mind, we shall choose 


(17) P..a(8), .. +, Fels) 
as arbitrary polynomials of degrees 
Sn—1 + > ae-1; ** 89 5o + Y ao, 


where the dash implies that each summation ranges over all finite z-values but 
does not extend to the infinite z-value. The number of arbitrary constants 
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appearing in (17), or, what is the same thing, in the parent function (16), is 
seen to be 


(18) Lit+n+ TUL 2, 


where the prime implies that the double summation ranges over all finite 
z-values but does not extend to the infinite z-value. 

Up to the present, we have merely said that the numbers (6) need not be 
chosen arbitrarily large. It is necessary, however, to indicate how we propose 
to limit them. This we shall attend to in two separate stages. 

In the first place, we observe that 


P,-1(z) W,-1(2,u), cee Po(z)Wo(z,u) 


are of degrees 6,_;,..., 59 in z, and, indeed, that these degrees attach to the 
coefficients of 


u”* in Py_1(8)Wo-1(z,u),..., u° in Po(z)Wo(z,u) 
respectively. We wish to be able to write (16) in the form 
(19) 2p s(1/2)u* +... + 2'*Qo(1/2), 


in which Q,_:(1/z),...,Qo(1/z) are all rational functions of z regular at the 
infinite z-value and all containing arbitrary constants as their initial terms when 
they are expanded in powers of the element 1/z. It is clear that this is achieved 
by insuring that the degree in z in the coefficient of u‘ in P,(z)W,(z, u), namely, 
5,, exceeds the degree in z of the coefficient of u* in 


Py-1(2)Wa-a(2,u) +... + Piils)Warleu), 


aud this for all the cases i = m — 2,...,0. These inequalities range, therefore, 
from the first of them, namely, that 4,_2. should exceed the degree in z of the 
coefficient of u”~? in P,_1(z)W,_1(z, u) to the last of them, namely, that 4» should 
exceed the degree in z of the coefficient of u° in 


P,~1(2) Wa-1(2,u) +... + Pi(z)Wi(z,u). 
Let now the local function basis equivalent to the constituent local order 
basis (r) of the order basis (7) at the infinite z-value be denoted by 
(20) Wr-1(2,u),... ,wS(z,). 


This local function basis follows the pattern of the local function basis in (9), 
with, however, 1/z replacing z — a as element. Let the fundamental exponents 
associated with this local function basis and with the use of u as dependent 
variable be denoted by 


@ @ 
Only « - + 52 0- 


The form of the general rational function of (z, «) built on the constituent local 
order basis (r) of the order basis (7) at the infinite z-value is, therefore, 


(21) Pr-i(1/2)wei(z,u) +... + PO(1/z)wi(z,u), 
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in which 


Py-1(1/z),... P%0(1/z) 


are all rational functions of z regular at the infinite z-value. We wish to be able 
to write (19), and hence (16) also, in the form (21) and must prepare for it by 
taking account of a second group of inequalities involving the numbers (6). 
The identification of (19) with (21) proceeds naturally and simply if we take, 
in the first place, 

8, > 0% (Gi =" —1,...,0) 
and, in the second place, 5, greater than the maximum degree in z of the coeffi- 
cient of u‘ in any of the functions 


a 
o— 1 o 1... 864 .— ‘ 


z We-1(Z,u),...,2 **w Pi (z,u) 
fori =n-—2,...,0. 

We are now in a position to take the final step in the proof of inequality (8). 
The number of linearly independent conditions involved in identifying (19) 
with (21) is at most 

+ 6 -— ¥ a”. 
The proof is based on the fact that (19), even without conditions, can be written 
in the form of (21), except that where the rational functions 


Pata sel, ccs a Cle 
of (21) are without poles at the infinite z-value the corresponding rational 
functions of (19) can have poles of orders 

d,-1 — Ge-1,---, 89 — a 


at most. It is these poles that have to be made to disappear in the process of 
identifying (19) with (21). Hence, the number of linearly independent condi- 
tions required to effect this disappearance is not more than 


Ee—-Ze. 
and when it is subtracted from the number in (18) of arbitrary constants in- 
volved in (19) at the outset we have left over not less than 

n+ >da 


arbitrary constants. However, since we have exactly N(r) arbitrary constants 
left over, we must conclude that 


N(r) > n+ Dd a, 


which is inequality (8). 


3. The Riemann-Roch Theorem and a new form of the Unit Theorem. 
Where (a) is the set of fundamental exponents associated with a local order 
basis (r) at a given z-value and based on the use of u as dependent variable and 
where (a) is the set of fundamental exponents associated with the complemen- 
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tary local order basis (7) at the given z-value and based on the use of u as 
dependent variable, it follows from (12) and the corresponding result for (7) 
that 


(22) DLeat+DLa=0, 
where the equations relating complementary orders to one another are of the 
form 

r+rt=p-—1+1/». 
If, however, the local order basis (7) is exactly 2 more than enough in each of 
its orders to be complementary in the above sense to the local order basis (r), 
the right side of (22) becomes — 2m. But, this is precisely what does happen 
when (r) and (7) are local order bases taken from complementary order bases 
(7) and (7) at the infinite z-value, always supposing that dF (z, u)/du is the level 
function made use of to relate the orders of (r) and (7). Where (a) and (4) are 
the fundamental exponents associated with complementary order bases (7) and 
(7), we have, therefore, 


(23) PLeatLyD a= — 2n. 


Let us now apply inequality (8) to the 0-0 case, or, what is the same thing, 
let us make a joint application of §§ 1 and 2. Beginning with complementary 
order bases (7) and (7), let us make use of § 1 to obtain complementary order 
bases (¢) and (7) which it provides, and let us denote the fundamental exponents 
of (t) and (@) by (a) and (a). Now applying inequality (8) of § 2 to (t) and (7) 
separately, we find that 
(24) jO>n+ dd a, 

> lO>n+dD 4 
When the inequalities in (24) are added and the result compared with (23), we 
see that the equality sign applies in both cases in (24). In other words, 


(25) >>a=—n= >> a. 
But, we also have 
(26) Treat Lldvw=4D w-14+1/) = Oy 4+ LD, 
as appears from quoting (12) for all the individual constituent local order bases 
of (¢) and (7) separately and adding up the results in each case. It follows, 
therefore, from (25) and (26), that 

> &w = DL iv 


and from this, in turn, that 


RR(t) 


ll 


RR(). 
Hence, by § 1, we have that 
RR(r) = RR(F), 


which is the statement of the Riemann-Roch Theorem for complementary 
order bases (r) and (7). 
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The new form of the Unit Theorem replaces the inequality (8) by an equation, 
namely by 


(27) N(r) =n+ Dd a+ NGF), 


where (a) denotes the fundamental exponents associated with (r) and depending 
on the use of « as dependent variable. We see at once that 


(28) n+Q2dVe=32 2 -322 n, 
since each side reduces to 
$22 a-3dda. 
The Unit Theorem says that the difference 
N(r) — NG) 


is equal to the left side of (28), while the Riemann-Roch Theorem says that it 
equals the right side. The two theorems are, therefore, equivalent. 

The original form of the Unit Theorem was that 

(29) N(r_) — N(r) + NG) — N(CH) = 1. 
Here (r+) and (7) were complementary order bases, and (r—_) and (7+) were also. 
It was understood that (r_) was obtained from (r) by depressing a single one 
of its individual orders by the minimum amount 1/v, while (74) was obtained 
from (7) by raising the corresponding one of its individual orders by 1/yr. It 
follows from the new form of the Unit Theorem that for a decrease of 1 in any 
cycle order in (r) there is either an increase of 1 in N(r) but no change in 
N(#) or no change in N(r) but a decrease of 1 in N(7), since (12) shows that 
>> a increases by 1. In other words, the new form of the Unit Theorem implies 
the original form. But conversely, the original form implies the new form, since 
it certainly implies the Riemann-Roch Theorem, which is equivalent to the 
new form. 

The new form of the Unit Theorem is significant, in that it associates quantities 
(a) determined by considering all z-values one at a time with quantities V(r) 
and N(#) determined by considering all z-values simultaneously. For that 
matter, the same remark applies to the Riemann-Roch Theorem itself, where it 
is (r) instead of (a) which is determined by dealing with all z-values one at a 
time. 

It is clear from (23) that the statement in (27) of the new form of the Unit 
Theorem simply repeats itself when the roles of (r) and (7) are interchanged. 


4. The invariant character of the Riemann-Roch Theorem. If the funda- 
mental algebraic equation F(z, u) = 0 is irreducible, and if x is a non-constant 
rational function of (z, «), there is a well-known routine for setting up a rational 
function of (z, «), say y, so that z and u are both expressible as rational functions 
of (x, y), and, moreover, the algebraic equation obtained by eliminating z and u, 
say G(x, y) = 0, is irreducible. If, however, F(z, u) = 0 is reducible, and if x is 
a non-constant for each of the p irreducible equations making up F(z, u) = 0, 
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it is clear that y can still be found so that the new pair (x, y) are birationally 
equivalent to the original pair (z,«), and, moreover, the algebraic equation 
obtained by eliminating z and u, say G(x, y) = 0, breaks up into p irreducible 
equations. To see this it is only necessary to make use of 





(30) > (Ree - (s)) F(z,u) 
Sif 


J ‘Sf s(z,u) F z,u) = of (2,0) 


as the reduced form of a given rational function R(z,u), where F(z, ~) is the 
product of p irreducible factors 


filam), ... (2,2), 


all different from one another. Here the first factor of the typical summand in 
(30) denotes the polynomial in u, with coefficients rational functions of z, 
obtained on reducing 


F(z,u) 
Res) IF (a. ) 

with respect to the irreducible equation f(z, ~) = 0. That is, (30) is composed 
of p summands, formed as j ranges over 1, . . . , o. Each summand is identically 
0 for p — 1 of the irreducible equations making up F(z, «u) = 0 but ordinarily 
is not identically 0 for the particular irreducible equation involved in the re- 
duction of its first factor. 

Before we can say that the Riemann-Roch Theorem is invariant, [6, § 25] 
we have to see that it applies to G(x, y) = 0 as much as to F(z, u) = 0. That is 
there is to be no change in the Riemann-Roch expression when we shift from an 
order basis (7) relative to F(z,u) = 0 to the corresponding order basis (¢) 
relative to G(x, y) = 0. Besides, when we shift from complementary order bases 
(r) and (7) relative to F(z,u) = 0 to order bases (¢) and (f) relative to 
G(x, y) = 0, this latter pair of order bases is to be complementary relative to 
G(x, y) = 0, the maintenance if the complementary property involving nothing 
beyond a natural change from the function used as level for F(z, u) = 0 to the 
one used as level for G(x, y) = 0. It will be convenient to adopt x as the indepen- 
dent variable and y as the dependent variable when we are making use of 
G(x, y) = 0 as the fundamental algebraic equation. 

When we speak of a cycle about a z-value, we shall continue to use v generically 
to denote the number of its branches, and this whether we refer to a finite 
z-value z = a or the infinite z-value as centre. In the same way, when we speak 
of a cycle about an x-value, we shall use w generically to denote the number of 
its branches, and this whether we refer to a finite x-value x = a or the infinite 
x-value as centre. All types of correspondence between cycles about z-values 
and cycles about x-values are given, to a first approximation, by the following: 


oo — © BS DS’ = — 
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(s — a)” = K(x — a), 


(s — a)” = x(1)’ 
x 


i (2) = xg - 0)’, 


In each case K is, to a first approximation, a constant different from zero. 

We shall now verify that the first requirement for the invariance of the 
Riemann-Roch Theorem is met. In the first case of (31), let a rational function 
have order r = \/v for each of the » branches of the cycle in question about the 
finite z-value z = a. This same rational function will have order t = /w for 
each of the w branches of the cycle in question about the finite x-value x = a. 
In other words, from rt = \/» for each of the » branches of the cycle in question 
about the finite z-value z = a we deduce ¢t = \/w for each of the w branches of 
the cycle in question about the finite x-value x = a, and we observe that 
tv = tw. The same type of discussion applies to the remaining cases of (31). An 
order basis (r) relative to F(z, u) = 0 converts, therefore, into an order basis 
(t) relative to G(x, y) = 0, and, besides, 


p De w= >> tw. 

Furthermore, on account of the birationality connecting the pairs (z,«) and 
(x, y) with one another, we see that V(r) relative to F(z, u) = 0 is the same thing 
as N(t) relative to G(x, y) = 0. That is, the first requirement is met, since 
RR(r) relative to F(z, u) = 0 has the same value as RR(t) relative to G(x, y) = 0. 

We must still see that the second requirement for the invariance of the 
Riemann-Roch Theorem is also met. Let us suppose that order bases (r) and 
(7) are complementary relative to F (z,u) = 0, to the level of a function S(z, 1), 
which is a constant different from zero for each of the p irreducible equations 
making up F(z, «) = 0, which p non-zero constants may be chosen to range all 
the way from being all the same to being all different. We wish to show that 
order bases (t) and (7) are complementary relative to G(x, y) = 0 to the level 
of the function S(z, u)dx/dz. A direct verification of this can be easily made. 
(Cf.[5, Chap. 2, §5].) In the first case of (31) let r = A/vy and # = —1+4 
(1 — A)/» be the individual orders taken from (7) and (7) for the cycle in ques- 
tion about the finite z-value z = a. Then 


ll 
| 
| 
| 


and f + , 


while the order of dx/dz is 1 — v/w, all relative to the cycle in question about the 
finite x-value x = a. In other words, 


+t=(1-2)-144 
Ww Ww 
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which means that ¢ and / have the complementary property for the cycle in 
question about the finite x-value x = a to the level of the function S(z, u)dx/dz. 
The same sort of verification can be given for the remaining cases of (31). That 
is, the second requirement for the invariance of the Riemann-Roch Theorem 
is also met. 
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CHARLES FOX 


1. Introduction. In his work on Laplace and Stieltjes transforms Widder 
[6, ch. 8] has investigated relationships of the type 





(1) f(x) = | &*g(a)ar, 

(2) g(x) = ” €*"h(e)dt, 
_ [? ht) 

(3) f(x) = B x+ i 


(1) and (2) are Laplace transforms and (3), which occurs in Stieltjes’ [4] re- 
searches on continued fractions, is referred to by Widder as a Stieltjes transform. 
Widder also considers (3) in the more general form of a Stieltjes integral 





These formulae bear a close resemblance to special cases of Chain transforms 
[1], whose theory I have developed in a previous paper. My object here is to 
investigate and generalize the relationships above by the methods used in Chain 
transform theory. For example, we prove that the factors e~*‘ in (1) and (2) 
can be replaced by Laplace transforms of Fourier kernels and then show that 
this result can be generalized still further. In order to make use of the mean 
square theory of convergence we shall define a Laplace transform which is some- 
what more general than the one in common use. 


2. The Mellin transform. The Mellin transform [5, ch. 3], which is our main 
instrument of analysis, is given by 


(4) F(s) = [° souyuYa, 
1 H+ to 

(5) f(u = | F(s)u- “ds. 
1 }— to 


Pairs of functions related in the manner of (4) and (5) are known as Mellin 
transforms of each other and will always be written in the form f(u) and F(s), 
g(u) and G(s), etc. Their main properties [5; §§ 3.17, 7.7, 7.8] are as follows: 


2.1. If f(u) belongs to L*(0, @ ), i.e., 
Received October 16, 1950. 
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| Lf (u) du 
0 


converges, then as a tends to infinity 


2.11 f(u)u" "du 


+ la 
converges in mean square to F(s), where F(s) belongs to L?(3 —i@ ,4 +12), 
1 i+ te 
Fail F(s)u “ds 
271 j—ia 


converges in mean square to f(x). 
Conversely if F(s) belongs to L?(} — i @ , } +i) then 2.12 holds, f(u) 
belongs to L?(0, © ) and is related to F(s) by (4). 


2.12 


2.2 (THE PARSEVAL THEOREM). If f(u) and g(u) both belong to L*(0, ©), or 
F(s) and G(s) both belong to L?(4 — i ~ , 4 +i © ), then 


2 1 }+ to 
(6) | f(u)g(u)du = 4] F(s)G(1 — s)ds. 
0 2 a1 }— too 
2.3 If f(u) and F(s) are Mellin transforms then so are 
f(au) and F(s)a™“, 


u“f(u) and F(s +a), 


f(u®) and 1 5(), 


2.4 A pair of Mellin transforms is given by the equations f(u) = 1 
(0<u<y),f(u) = 0 (u > y), and F(s) = y’/s. 


To illustrate these results if y is real then, treated as a function of s, y*/s 
belongs to L?( —i@ ,3+%0 ). Hence if M(s) also belongs to L*(} —io, 
4 +1 © ) we have from (6) and 2.4, 


y 1 [itt yr? 
(7) I’ m(u)du = 2a: = M (s);—4s. 
We shall, in future, write 
o 
(8) | m(u)du = m,(y) 
0 


and all pairs of functions written in this way, e.g. n(y), if it exists, and m,(y), 
will be related as in (8). Thus (7) becomes 

1 + to y* 
(9) m,(y) = | M(s)5 =: 


2x1 }— to 


where M(s) belongs to L?(4 —i@o ,4+i© ). 





), 


or 
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The function M(s) plays a fundamental part in the theory of Fourier kernels. 
For all of these kernels, M(s) is bounded on the line s = 4 + ir, where r is real, 
but in general does not belong to L?(4 — i @ ,4 +4 ). However, since M(s) 
is bounded, M(s)/(1 — s) belongs to L?(4 — i @ ,4 +i ). Wecan therefore 
deduce from 2.12 and (9) that m,(y)/y belongs to L*(0, @ ) and that its Mellin 
transform is M(s)/(1 — s). This may be true even if m(y) does not exist, as 
the following example illustrates. 

Let M(s) = 1, then 

Bie a 
Al. Meow ds 
oscillates finitely and does not converge. But from (9) we have m,(y) = 0 if 
0<y<1and m,(y) =1if y> 41. Thus m,(y), defined by (9) instead of by 
(8), exists although m(y) does not exist. 

Partly for this reason and partly because m,(y)/y belongs to L?(0, © ) it is 
much more convenient to formulate Fourier transform theory in terms of m,(u) 
rather than m(u). For these reasons we shall also define our Laplace transform 
of §4 in terms of m,(u) rather than in terms of m(u). 


3. The general Fourier transform. If 
(10) M(s)N(1 — s) = 1, 


and M(s) and N(s) are both bounded on the line s = 4 + ir, where + is real, 
and A(x) belongs to L?(0, © ), then we have the general Fourier transform 
B(y) = a) A(x Dae, 
dy 0 x 
(11) , 
a. m (xy) 
A(y) = aR B(x) = 

In the course of the proof, it is shown that B(x) also belongs to L*(0, @ ). 
The theory is given in Titchmarsh [5, p. 226]. The functions m,(x)/x and 
n,(x)/x are known as general Fourier kernels and are called symmetrical if 
m,(x) = m,(x) and asymmetrical otherwise. 


4. The general Laplace transform of Fourier kernels. From the asymptotic 
expansion of I'(s) we know that on the line s = 4 + ir, where r+ is real, 
I'(s) = O(e-**'*!) and so belongs to L*(0, ~ ). Also the Mellin transform of 
e™ is T'(s) x~*. Hence, if M(s) belongs to L?(4 — io ,4$+i ) we have 
by (6), 
, oo - uw 

(12) | r(s)M(1i — s)x “ds = | é “m(u)du. 
2x1 }— to 0 

The right hand side is evidently the Laplace transform of m(x). 

Suppose that, as in Fourier transform theory, we know only that M(s) is 
bounded. In this case M(s)/(1 — s) belongs to L*(} — i @, $+ i) and, 
from (9), is the Mellin transform of m,(u)/u. Hence from (6) and 2.3 we have 
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$+ to ++ to " 
4 r(s)M(i — s)x7"ds = uf r(s + 1)“0= 9-45 
2x1 }— to Tt }— to § 


=| xé “m,(u)du. 
0 


(13) 


We shall call the right-hand side of (13) the general Laplace transform and 
write 


(14) m(x) = [° xe ™“m,(u)du. 


All pairs of functions related in the manner defined by (14) will be written in 
the form m(x) and m,(x), n(x) and (x), etc. 

The definition (14) has two important advantages over the standard Laplace 
transform (12). First, it exists if M(s) is bounded, whether m(x) exists or not, 
and, secondly, it lends itself readily to the application of mean square arguments. 
(14) bears much the same relation to (12) as the general Fourier kernel bears 
to the ordinary Fourier kernel. To illustrate these remarks take M(s) = 1, 
then, from §2, m(u) does not exist. But m,(u) = 0 when 0 < u < 1 and 
m,(u) = 1 when u>1. From (14) it follows that m(x) = e~ so that any 
general theorems proved for general Laplace transforms will also be true for e~*. 

In most cases when m(u) exists it can be shown, on integrating by parts, that 
the right-hand sides of (12) and (14) are equal. Integration by parts also shows 
that (14) can frequently be expressed as the Stieltjes integral 


° e ™“dm,(u), 


0 
which by many writers is considered to be a natural generalization of the La- 
place transform. But for our purposes it is much more convenient to use the 
form (14) than the Stieltjes integral. This is because of the advantage gained 
by using M(s) in the study of Laplace transforms of Fourier kernels (see (9) ). 
From (13) and (14) we have 


1 H+ to 
(14a) m(x) = 4 r'(s)M(1 — s)x “ds, 
}— too 


where ['(s) M(1 — s) belongs to L?(} —iow,4+i©). Hence, from 2.12, 
m (x) belongs to L?(0, © ) and its Mellin transform is ['(s) M(1 — s). 

If M(s) and N(s) satisfy (10) and are both bounded on the line s = 3 + ir 
then m(x) and n(x) are the general Laplace transforms of a pair of conjugate 
Fourier kernels. We then have, from (6), 


1 

4 T(s)M(1i — s)x “T(1 — s)N(s)ds 
j—teo 

a ae 

2xiJ jt SIN 4S 

- 

1+x 


° m(ux)n(u)du 


(15) 


ds 





| 





nd 


in 
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That Laplace transforms of Fourier kernels satisfy an integral equation of the 
type (15) was conjectured by Ramanujan [3, ch. 11(F) ] and proved recently 


by Goodspeed [2]. 

5. Iteration formulae. If M(s) is the Mellin transform of a symmetrical 
Fourier kernel then (10) becomes 
(16) M(s)M(1 — s) = 1. 


THEOREM 1. Jf (i) M(s) satisfies (16) and is bounded on the line s = 4 + ir, 
(ii) the general Laplace transform m(x) is defined by (14), (iii) h(x) belongs to 
L?(0, © ), and 


(17) g(u) = ° m (ut)h(t)dt, 
and ; 

(18) flu) = [° m (ut)g(t)dt, 
then : 

(19) f(u) = [ ere 

and 

(20) [° seuyecnae « ° g(ut)e(t)dt. 


To prove (19) we note that m(uf), as a function of t, and h(t) both belong to 
L?(0, ~ ) and have Mellin transforms ['(s) M(1 — s) u~* and H(s) respectively 
((14a) and §2). Hence, from (6) and (17), we have 

}+ too 


(21) g(u) = ul. r(s)M(1 — s)u"H(1 — s)ds. 


Now on the line s = $ + ir, |I'(s) M(1 — s)| is bounded, say with upper 
bound K, and H(s) belongs to L?(4 — i @ , 4 +1 @ ) (from condition (iii) and 
2.11). Hence, on integrating along the line s = 4 + ir, we have 


[" IT(s)M(1 — s)H(1 — s)|"dr < x” IH(1 — s)|*dr 


“~ 


and so I'(s) M(1 — s) H(1 — s) belongs to L?(4 —iw,4+i0). Hence, 
from 2.12 and (21), g(u) belongs to L*(0, © ) and its Mellin transform G(s) is 
given by 


(22) G(s) = T(s)M(1 — s)H(1i — s). 
Since g(u) belongs to L?(0, © ) we may similarly deduce from (18) that 
(23) F(s) = T'(s)M(i — s)G(1 — s). 


On substituting 1 — s for s in (22) and eliminating G(1 — s) from (23) we have 
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F(s) = T(s)M(i — s)T(1 — s)M(s)H(s) 
™ sin ts s) 
from (16). Hence 
H+ to 
f(u) = Af. mow ‘aed oy 


But x/(sin zs) belongs to L?(4 — io , 4+ 1% ) and its Mellin transform 
[5, p. 192 (7.7.8) ] is 1/(1 + u). From (6) we may then conclude that 


f(u) -\7 T+ h(ut)dt 


(24) 4 [° h(t) 
- 0 u+t 


by a slight change of variable. This completes the proof of (19). 
For the proof of (20) we see from (22) and (23) that 


(25) F(s)H(i — s) = G(s)G(i — s). 

Condition (iii) shows that h(u) belongs to L?(0, @ ) and in the course of the 
proof of (24) it was shown that f(u) and g(u) also belong to L?(0, ~ ). Hence, 
from 2.11, F(s), G(s), and H(s) all belong to L?7( -io,}$+i2). On 
multiplying (25) by u—* and integrating along the line s = 4 + ir from 4 — i @ 
it follows from (6) that 


t (u > 0) 


[- f(ut)h(t)dt = l- g(ut)g(t)dt. 
This completes the proof of Theorem 1. We have already noted that we can 


take m(x) = é~* and then (17) and (18) reduce to known forms [6, p. 325]. 


Theorem 2 deals with the case of the asymmetrical kernels. If M(s) and 
N(s) are the Mellin transforms of a pair of conjugate Fourier kernels then the 
functional equation (10) is satisfied. This is dealt with in 


THEOREM 2. If (i) M(s) and N(s) satisfy (10) and are both bounded on the line 
s = 4 + ir, (ii) the general Laplace transforms m(x) and n(x) are defined by (14), 
(iii) h(x) belongs to L*(0, © ), and 
g(u) = | m (ut)h(t)dt, 
0 


and 


f(u) = J? (ute eae 
0 


f(u) = [° Ait 


then 
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To prove this we use the same arguments as for Theorem 1. Equation (22) 
can be established as before, but instead of (23) we now prove 
(26) F(s) = I'(s)N(1 — s)G(1 — s). 
On eliminating G(s) between (22) and (26), by the method of Theorem 1, and 
using (10) we establish once again 
F(s) = 


T 





: H(s). 
sin ws 

From this we deduce (24), as in Theorem 1, and so complete the proof of 
Theorem 2. But if M(s) is not equal to N(s) then we cannot, from (22) and (26), 
establish a relation such as (25). Consequently, under the conditions of 
Theorem 2 the Parseval equation (20) does not in general exist. 


6. Formal analysis. In this section I am concerned mainly with the methods 
by which iterated relationships such as (1), (2), and (3) can be obtained. The 
analysis is purely formal and difficulties, such as arise in changing the order of 
integration, etc., are for the moment ignored. 

Consider the two equations 


(27) f(x) = ° p(xt)g(t)dt 
and 
(28) g(x) = \° g(xt)h(t)dt. 


On multiplying (27) by x*-' we have formally 
F(s) = | | p(xt)x*"g(t)dtdx 
0 0 


= [° [° b(u)u**g(t)t“*dtdu 
o Jo 


(29) = P(s)G(1 — s). 
Similarly from (28) we have 
(30) G(s) = Q(s)H(1 — s). 


On substituting 1 — s for s in (30) we can eliminate G(1 — s) from (29) and 
obtain 


F(s) = P(s)Q(i — s)H(s). 


Hence a relation exists between f(x) and A(x) which, in general, is independent 
of g(x) but which depends largely upon the nature of the quantity P(s) Q(1 — s) 
and its Mellin transform. This observation is illustrated by the following 
examples: 

If 


(31) f(x) = \° é**(xt)"g(t)dt 


0 
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and 
(32) g(x) = ° e*"(xt)"h(t)dt, 
then 

© h(t) (xt)* 
33 = r(2 »| dt, 
(33) fle) = Qa +1) 


where 2a + 1 > Oandx> 0. By the method just outlined we have, from (31), 


F(s) 


r'(s + a)G(1 — s) 
and from (32), 
G(s) = T(s + a)AH(1i — s). 


Hence 

(34) F(s) = T'(s + a) (a+ 1 — s)H(s). 

But the Mellin transform [5, p. 195] of ['(a + 1 — s) T(a +s) is 
T'(2a + 1)u* 
(1+u)** 


Hence from (34) and (6) we may deduce that 


©o h(xt)t ' 
0 (1 + "| in “ 
This is finally reduced to (33) by a simple change of variable. 


This analysis can be made rigorous by assuming that h(x) belongs to L*(0, © ). 
By the methods of Theorem 1 we can prove the following result: 


f(x) = TQa+ 1)| 


THEOREM 3. If f(x) and g(x) are related as in (31) and g(x) and h(x) as in (32), 
where 2a + 1 > 0, and h(u) belongs to L?(0, ~ ) then g(u) and f(u) also belong to 
L*(0, © ), f(x) and h(x) are related by (33) and also 


(35) ° f(ut)h(t)dt = ° g(ut)g(t)dt. 


The equations (31), (32), and (33) reduce to (1), (2), and (3) in the special 
case a = 0. 


It is not difficult to generalize Theorem 3 still further. For, write 
u(t) = | é **(xt)°m(x)dx 
0 
and 


v(t) = \° é **(xt)°n(x)dx, 


0 
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where m(x) and n(x) are a pair of conjugate Fourier kernels, so that (10) is 
satisfied. Then we may, in general, replace (31) and (32) by 


f(x) = [° u(xt)g(t)dt 


and 
g(x) = [" v(xt)h(t)dt, 


and the relationship between f(x) and h(x) is still given by (33). If m(x) = n(x) 
then we also have the Parseval equation (35), but not otherwise. This can be 
proved, on assuming suitable conditions, by the same arguments as are used in 
the proof of Theorem 1. But since this is a special case of Theorem 5, we shall 
omit the proof. 


A second example is given by the following result: if 


f(x) =a i, eg (t)dt 
0 


and 


g(x) =a [- e* “h(t)dt, 
0 


i 1)" h(t) P 
f(x) ar! ° (x* 4 fy" t, 


and in addition (35) is true. This system reduces to (1), (2), and (3) when 
a = 1. 

This set of transforms can be justified by the arguments used in Theorem 1 
if we assume that h(u) belongs to L?(0, @ ). The Mellin transforms required 
for the proof are 


é“ and 1(3), SS... and r( 2)r(2 - 2). 
a a (1 + u’) /a@ a a a 


7. General iteration formulae. For the rest of this paper we shall find it 
convenient to use the following terminology. We write p for p(x) or p(u), 
Mel » for the Mellin transform of p(u), P for P(s), and P for P(1 — s). Thus 


Mel » = Pand Mel p = P. 


where a > 0, then 





We shall also write 
(36) [p, gliu} = [p, 9] = I: p(ut)q(t)dt. 


The form [p,g]{ «} will be used only when it is necessary to specify the variable wu. 
If p(x) and q(x) both belong to L?(0, @ ) then from (6) and 2.3 we have 


a will 
[p, a] = 55 4 Qds, 
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where P and Q both belong to L?( —io,4+i2). If, in addition, either 
P or Q is bounded on the line s = 4 + ir then, as in the proof of Theorem 1, we 
can infer that PQ belongs to L*(} — i ~ , } +i @ ), hence that [p,q] belongs 
to L?(0, © ) and, finally, that 

(37) Mel [p, g] = PQ = Mel p Mel g. 


We can now prove 


THEOREM 4. Jf (i) p(x), g(x), and h(x) all belong to L*(0, & ), (ii) P and Q 
are bounded on the line s = 4 + ir, and 


(38) g(u) = \° b(ut)h(t)dt 
and 

foo 
(39) f(u) = |, q(ut)g(t)dt, 
then 
(40) f(u) = ), [p, g] {t}h(ut)dt. 


If, in addition, p(u) = q(u), then we also have 


(41) [° f(ut)h(t)dt = \° g(ut)g(t)dt. 


In the terminology just described conditions (38) and (39) become g = [,h] 
and f = [g¢,g] and we are required to prove that f = [h,[p,g] ]. Equation (41) 
can also be written in the form [/,h] = [g,g]. 

To prove (40), apply the arguments preceding (37) to (38), using conditions 
(i) and (ii). We then deduce first that G = PH and secondly that g(u) belongs 
to L*(0, @ ). We may further deduce from (39) that F = QG and that f(u) 
also belongs to L?(0, & ). 

We now have 

F = OG = OPH = OPH. 
From the conditions of integrable square, some of which have been assumed and 
some proved, we may apply (6) and (37) to this result and rewrite it in the form 
Mel f = Mel [h,r], where Mel r = PQ = Mel [p,q]. Hence f = [h,[,¢] ], which 
is equivalent to (40). 

If p=q then P = Q and from G = PH and F = QG we deduce that 
FH = GG. From (37) this may be written in the form Mel [f,k] = Mel [g,g]. 
Hence [f,4] = [g,g], which is equivalent to (41). 

Theorem 4 contains the following results as special cases. When 


p(x) = g(x) =e” 
it reduces to equations (1), (2), and (3). When 
p(x) = q(x) = &*x" 
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it reduces to Theorem 3. When 


p(x) = q(x) = ae™ 


it reduces to the system of equations at the end of §6. 


8. The Fourier kernel transform. In Theorem 1 it was shown that the factors 
e~** in (1) and (2) could be replaced by the Laplace transforms of Fourier kernels. 
In this section we shall show that Theorem 4 is capable of an analogous 
generalization. 

For this purpose we shall introduce two operators 7; and 7). Let M = M(s) 
and N = N(s) be two functions which are bounded on the line s = 4 + ir and 
which satisfy the functional equation 


(42) MN = 1. 


Then by using (9) we can find functions m;(x) and (x) which form the basis 
of general Fourier transforms of the type (11) [5, p. 226]. We define the oper- 
ators as follows: 


i ites , 
(43) Ti pix} = Tip = a Px~*Mds 

271 }— to 
and 

1 $+ to -_ 
(44) T: q{x} = T:¢ ie a “Nds. 


The forms Txp{ x} and T2q{ x} will be used only when it is necessary to specify 
the variable x. 

As an illustration, when M = N = 1 and P = Q = [(s) then Tip 
= Tq = e*. 

The Parscval equation (6) is often true even when the conditions of 2.2 are 
not fulfilled. Assuming that it is true for (43) and (44) we should then have 


Tip = \° p(xt)m(t)dt, 
0 


(45) —— J acetym (ae 
0 


If, for example, p(x) = g(x) = e* then 71p and 72g reduce to the Laplace 
transforms of m(x) and n(x) respectively. 

Again, since M and N are bounded on s = 4 + ir, M/s and N/s both belong 
to L?7(44 —-io,4+%@). Hence if sP belongs to L?(-—-iw, $+i2@) 
we may write sPx~* M/s for the right-hand integrand of (43) and use (6). We 
can then deduce in general that 


(46) Tip = [° — xp’ (xt)m,(t)dt, 


where m;(t) is defined by (9) and the prime denotes differentiation. Similarly, 
if sQ belongs to L?(4 — i ~ , 3 +1 @ ) then we have, in general, 
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(47) T:q = [° — xq’ (xt)m;(t)dt. 


These bear the same relation to (45) as the general Laplace transform (14) bears 
to the ordinary Laplace transform (12). When m(x) and n(x) exist it is usually 
possible to prove that (46) and (47) reduce to (45) (on integrating by parts). 

The advantage of defining 7, and 7; by (43) and (44) instead of by (45) or by 
(46) and (47) lies in the great generality of (43) and (44). Thusif M = N = 1, 
m(t) and n(t) do not exist; but if p(x) and g(x) belong to L?(0, © ) then, from 
2.12 and (43), (44), we have 71p = p and T.q = g. 

Another advantage lies in the fact that important deductions can be made 
from (43) and (44) with the help of reasonably simple assumptions. The most 
useful one from our point of view is as follows: 

If p(x) and g(x) both belong to L?(0, ~ ) and M and N are bounded on the 
line s = 4 + ir then 7, and 71.4 also belong to L*(0, © ) and 


Mel 7; p = PM, 
Mel 7:¢ = QN. 

For p(x) belongs to L*(0, @ ) and so, from 2.11, P belongs to L?(4 —io, 
4+i). Hence, since M is bounded, PM also belongs to L?(} —io, 
4+ io). The results stated then follow from 2.12. 

We now prove our final theorem. 


(48) 


THEOREM 5. If (i) p(x), g(x), and h(x) all belong to L*(0, © ), (ii) P and Q 
are bounded on the line s = 4 +- ir, (iii) M and N are bounded on the line s = 4 +- ir 
and satisfy the equation MN = 1, and 


(49) g(u) = I T; piut}h(t)dt 
and 
(50) f(u) = [° T2 qi ut}g(t)dt, 
then 
(S1) f(u) = [° [p,q] {t}h(ut)dt. 


If, in addition, p(u) = q(u) and M = N, then we also have 


(52) [° sewn eat - [° g(ut)g(t)dt. 


We first prove (51) by means of Theorem 4. Since p(x) belongs to L*(0, © ) 
it follows from (48) that 7p belongs to L?(0, @ ) and that Mel 7,p = PM. 
Also from conditions (ii) and (iii) it is evident that PM is bounded on the line 
s = 4+ ir. Similar remarks apply to T:g and to Mel T:g = QN. Hence con- 
ditions (i) and (ii) of Theorem 4 are satisfied. On applying the results of that 
theorem to (49) and (50) we find that 


CSO eee 


~~ we be ee 


lly 
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r 


(53 f(u) = ] [Ti p, Tq] {t}h(ut)dt. 
0 


The proof is then completed if we can show that [71p,72q] = [/, q]. 
Since p(x), g(x), Tip, and T2q all belong to L*(0, @ ) it follows from (37) that 


Mel [7: p, T: gq] = Mel 7: p. Mel T2.¢ 


= PM .QN from (48) 
= PQ from condition (iii) above 
= Mel [p, g] 


from (37) again. Hence 


[71 p, Tz gq] = [9, @] 


and the proof of (51) is completed. 


To prove (52), from (6) and (49) we have 
G = Mel 7p. A = PMA 
and from (6) and (50) we have 
F = Mel 7xq. G = ONG. 
But we now have two extra conditions: p(x) = g(x), from which we derive 
P =(Q,and M = N. Hence FA = GG. From (37) this may be written in the 
form Mel [f, h] = Mel [g, g] and so [f, kh] = [g,g]. Finally, from (36) this is 
equivalent to (52). 
Theorem 5 contains most of the other theorems as special cases. When 
p(<) = q(x) — e~*, it reduces to Theorem 1, and when M = N = 1 it reduces 
to Theorem 4. 
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A THEORY OF NORMAL CHAINS 
CHRISTINE WILLIAMS AYOUB 


Introduction. In this paper we deal with a group-theoretic configuration of 
the following type: G is an additive group (not necessarily abelian) for which 
an operator system M and a complete lattice ¢ of M admissible subgroups are 
defined; we call G and M-@ group. In §1 we make various definitions and note 
that analogues of some of the classical theorems of group theory hold. 

Our main interest is in the normal chains for an M-¢ group. We first discuss 
normal chains in general, and obtain results which hold if the factors of the chain 
fulfil suitable conditions (§3). In the remainder of the paper these results are 
applied to three particular types of normal chain and the relation between these 
chains is discussed. 

The first type of chain discussed is the so-called Loewy chain. This type is of 
especial importance because it is intimately related to the other two types con- 
sidered. It is shown how the existence of a Loewy chain connecting the group 
to 0 may be used in place of chain conditions. Furthermore, if such a chain 
exists for a nilpotent group, then it is actually a central chain. 

We have adopted Hirsch’s definition of solubility (or rather its analogue for 
M-# groups) rather than the customary definition. For the chains usually 
employed do not meet the general requirements needed to apply our theory. 
On the other hand, the chains introduced by Hirsch do satisfy these require- 
ments, provided that the group possesses a Loewy chain connecting it to 0. 


1. Definitions and basic theorems. Let G be an additive group which is 
not necessarily abelian. If A,, for each a in a set YU, is a subgroup of G, then we 
denote the intersection of the A, by f] A. (a2 € 4%). The subgroup of G generated 
by the A, we call the compositum of the A, and denote this subgroup by 
4 A,.(a € A). In the case of a finite number of subgroups, A:,..., A», we 
denote the intersection and compositum by 


Ail)... CA, (or f1 4,) and {A),...,A,!} (or C A,) 
i=m1 


i=1 
respectively. 
Let M be a system of operators for G, so that each element of M induces an 
endomorphism in G, i.e., we have: 
(i) ag is in G, whenever a is in M and g is in G. 
(ii) a(g: + ge) = agi + age, for a in M and gi, goin G. 
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We let (a8)g = a(8g), for a and 8 in M and g in G. 

A subgroup S of G is called M admissible if MS C S. We shall restrict our 
attention to a family of M admissible subgroups ¢ which form a complete lattice 
relative to intersection and compositum, i.e., we assume about the subgroups 
of @ that: 

(i) If A is in ¢, A is M admissible. 

(ii) 0 and G are in ¢. 

(iii) If A, is in , for each a in the set A, then f} A.(a WM) is in @. 

(iv) If A, is in @, for each a in the set A, then C A.(a © M) is in d. 

We note that if the subgroups of ¢@ satisfy the descending chain condition, (iii) 
may be replaced by (iii’), and if they satisfy the ascending chain condition, 
(iv) may be replaced by (iv’), where: 

(iii’) If A and B are in ¢, then A ()\ B is in ¢. 

(iv’) If A and B are in @, then {A, B} is in ¢. 

We call G an M-¢ group if a particular system of operators M, and a particular 
complete lattice @ of M subgroups are to be distinguished; if @ consists of all 
M admissible subgroups we call G an M group. If a subgroup S belongs to ¢, 
we say that S is a @ subgroup of G; we note that S is also an M-¢ group. If G 
is an M-@ group, we denote by y the set of all normal ¢ subgroups of G; since 
the @ subgroups of G form a complete lattice, the normal @ subgroups of G also 
form a complete lattice. Hence we may also consider G as an M-~ group. We 
make the following definitions: 

Definition. If the ¢ subgroup S of G has no normal ¢ subgroups, S is @ simple. 

Definition. Let G and G’ be M-@ groups. ¢ is an M-¢ isomorphism (homo- 
mor phism) of G onto G’ if 

(i) « is an isomorphism (homomorphism) of G onto G’. (Hence G’ = Ge). 

(ii) (ag)o = a(ge), for all a in M and for all g in G. 

(iii) If S is a @ subgroup of G, Se is a @ subgroup of G’; if S’ is a @ subgroup 
of G’, the inverse image of S’, S’o~! is a @ subgroup of G. We say that G is 
M-¢ isomorphic to G’ if there exists an M-¢ isomorphism of G onto G’, and we 
write G > G’(M-¢). 

Definition. Let G and G’ be M-¢ groups. ¢ is an M-@ isomorphism (homo- 
mor phism) of G into G’ if Ge C G’ and @ is an M-¢ isomorphism (homomorphism) 
of G onto Ge. 

In the last two definitions, the systems of distinguished M admissible sub- 
groups for the groups G and G’ are both denoted by ¢, although in general they 
are different systems. At first sight this would seem to lead to confusion, but 
it is always clear from the context what is meant and the notation proves to be a 
convenient one. 

Let G be an M-¢ group, and N a normal ¢ subgroup. Then G/N is an M 
group, and a system of M admissible subgroups ¢ in G/N may be defined in this 
way: if U/N is an M admissible subgroup of G/N and U is in ¢, then U’/N is 
ing. It is clear that this system of subgroups of G/N forms a complete lattice 
and hence G/N is an M-¢ group. 








16-4 CHRISTINE WILLIAMS AYOUB 


The following analogues to the classical theorems hold: 


THEOREM 1.1 (The Homomorphism Theorem). Jf ¢ is an M-¢ homomorphism 
of the M- group G onto the M-¢ group G’, then the kernel N is a normal subgroup 
of G and G/N is M-¢ isomorphic to G’. Conversely, if N is a normal } subgroup 
of the M-@ group G, then there exists an M-¢ homomorphism r of G onto G/N; 


7 maps g onto the coset N + g, for all g in G, and ts called the natural mapping of 
G onto G/N. 


THEOREM 1.2 (The First lsomorphism Theorem). Jf S and T are @ subgroups 
of the M-@ group G, and if S is normal in |S, T|, then S(\ T is a normal @ sub- 
group of T and 


{S, T}/SXT/SAT (M-¢). 


THEOREM 1.3 (The Second Isomorphism Theorem). Let G be an M-@ group 
and N, H normal ¢ subgroups of G with N C H, then we have: 


G/N _G 
H/N Hi (41-4). 


Definition. Let A and B be ¢ subgroups of the M-¢ group G with A C B. If 
there exists a chain 


(0) er i oe oe ee a Yo 


where A; is a normal ¢ subgroup of Aj; (¢ = 1,..., m — 1), (0) is called a 
normal @ chain from A to B, or a normal ¢ chain connecting A and B. If 
A; ~# Aw, for each i, (0) has length n; the M-¢ groups A 44;/A;, are called the 
factors of (0). If all the factors of (0) are ¢ simple, (0) is called a ¢ composition 
chain. 

Definition. Let G be an M-¢ group. A normal ¢ chain (¢ composition chain) 
connecting 0 and G is called a normal ¢ chain for G (@ composition series). 

Definition. Let G be an M-¢ group. The ¢ subgroup S of G is M-¢ character- 
istic if every M-@ automorphism (M-¢ isomorphism of G onto itself) leaves S 
invariant, i.e., if Se = S for every M-¢ automorphism o of G. S is M-¢ fully 
invariant if every M-¢ endomorphism of G (M-¢ homomorphism of G into itself) 
leaves S invariant, i.e., if St © S for every M-¢ endomorphism r of G. 

It is important to notice that the inner automorphisms of a group are not 
necessarily M-¢@ automorphisms and hence a ¢ subgroup may be M-¢ character- 
istic without being normal. In some of our arguments we consider the map of a 
@ subgroup under an inner automorphism. Thus in some cases we make the 
assumption that ¢ contains conjugates, i.e., if S is in ¢ and g is any element of G, 
then — g+5S+g isin ¢. If ¢ contains conjugates, we say that ¢ is normal. 


2. K-chains. Let (KX) be a property which has meaning for each ¢ subgroup 
of an M-¢ group, i.e., if S is a @ subgroup of the M-¢ group G, then one of the 
following statements must be true; S satisfies (K) in G; S does not satisfy (K) 


— 


in 
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in G. We shall consider properties (K) which satisfy some or all of the following 
conditions: 

(k,) If G is an M-@ group, then the @ subgroup 0 satisfies (IX) in G. 

(ke) Lf for each aina set A, A, is a normal subgroup of the M- group G which 
satisfies (IK) in G, then C A,(a © &) satisfies (K) in G. 

(k3) If A and A,, for each a in the set A, are normal @ subgroups of the M-o 
group G with A > Ag, and if A/A, satisfies (IK) in G/A,., for each a in UX, then 
A/f\ A.(a © UW) satisfies (K) in G/ fT} Ac(a © WM). 

(k,) If A, B, C are normal } subgroups of the M-¢ group G with A D> B, and 
if A/B satisfies (K) in G/B, then A (\ C/B(\C satisfies (K) in G/B C\ C. 

(ks) Jf A, B, C are normal @ subgroups of the M-@ group G with A > B, and 
if A/B satisfies (IX) in G/B, then {|A, C}/{B, C} satisfies (K) in G/{B, C}. 

Let G be an M-¢@ group and y the lattice of normal @ subgroups of G. If NV 
is in ¥, G/N is an M-@ group and hence (K) is defined not only for the @ sub- 
groups of G (in G) but for the ¢ subgroups of G/N (in G/N). 

We now consider two chains. We construct first the ascending chain: 


(1) 0O=7,67;:¢C...G 7, GT7Tu¢G..., 
where, fori = 0,1, 2,..., T 44. is the compositum of all NV in such that V D 7, 
and N/T; satisfies (K) in G/T;. Then 7,;/T; satisfies (K) in G/T, by (ke). 


T «41 is well defined, since by (k,), 7;/T; satisfies (K) in G/T,;. We note that 
in order to construct the chain (1), we need only use the properties (k,) and 
(ke) of (IX). Similarly, we construct the descending chain: 


(2) Ga hRah2an BHa2S 


ae 

where, for j = 0,1, 2,... ,.Sj41 is the intersection of all NV in y such that V C S, 
and S,/N satisfies (K) in G/N. Then S,/S,4,; satisfies (K) in G/S,., by (kk). 
Sj41 is well defined, since by (ki), S,/5, satisfies (K) in G/S,; For the con- 
struction of the chain (2) only (k;) and (ks) are used. 


THEOREM 2.1. Let G be an M-@ group. 

(i) Assume that the property (IK) satisfies (ki) and (kz). If the ¥ subgroups of 
G satisfy the ascending chain condition, and if for A in ¥, A # G, there exists a 
subgroup B in W such that B > A and B/A satisfies (K) in G/A, the chain (1) is 
finite and T , = G for some integer t. 


(ii) Assume that the property (IX) satisfies (k,) and (k;). If the ~ subgroups of 
G satisfy the descending chain condition, and if for B in y, B # 0, there exists a 
subgroup A in y such that A C B and B/A satisfies (KK) in G/A, the chain (2) is 
finite and S, = 0 for some integer s. 


Proof. (i) The groups 7; of (1) are ¥ subgroups of G by definition. Hence 
by the ascending chain condition, there exists an integer ¢ such that 7, = 7°,:. 
If T, is different from G, there exists a ¥ subgroup N of G such that N/T, satisfies 
(K) in G/T, and N>T,; but this is impossible, since then T,,; would be 
different from 7, Hence 7, = G. (ii) is established in a similar fashion. 











166 CHRISTINE WILLIAMS AYOUB 


Definition. Let G be an M-¢ group. A chain 


(3) reG 1G... GG Nas G..- 

where, fori = 0,1,..., N, isin, and N,4,;/N;, satisfies (K) in G/N,, is called a 
K-chain for G (an ascending K-chain). A chain 

(4) Me2Mi2..-.2M;2QMyi2d..., 

where, for 7 = 0,1,..., M, is in ¥, and M,/M,,, satisfies (K) in G/M 441, will 
also be called a K-chain for G (a descending K-chain). The K-chain 

(5) ete, Fats ewh, MeG. «+2 Ge 

has length n, if fori = 0,..., n — 1, Ny * Nu. The chains (1) and (2) are 


called the upper and lower K-chains for G. 
THEOREM 2.2. Let G be an M-@ group. 
(i) Assume that (IX) satisfies (k,), (ke), and (ks). If 

0 = No Cc see c N; - New 


IN 


is an ascending K-chain for G, then, fori = 0,1,..., / NV, < T,, where the T; are 
the terms of the upper K-chain (1). 
(ii) Assume that (KK) satisfies (k,), (ks), and (k,). If 


Ge Me2...2M,2Mm2... 


is a descending K-chain for G, then, for j] = 0, 1 
the terms of the lower K-chain (2). 


Paes. M, 2 S;, where the S; are 


Proof. (i). We prove by induction on i that VN; C 7, fori = 0,1,.... Since 
0 = No = To, it is obvious that No C 7». Assume that N,;C TT; Niai/N;, 
satisfies (K) in G/N,; therefore, by (ks), 
Mea, Tif /(Ns Ti} = (Neg, Ti} /T: 
satisfies (K) in G/T; Hence by the definition of Ty4:, {Nia, Ti} C Te, or 
N 41 _« T +41. Thus N; .. T; for 1 = 0, 1 


(ii). We prove by induction on j that M, DS, for j=0, 1, .. 

G = Moy = So; hence Mp D> So. Assume that M,> S; M,/M 44: satisfies (K) 

in G/M 41; therefore, by (k4), My OO Sj/M ju. O\ S; satisfies (K) in G/M yy OV Sy, 

But M,(0\S, = S,by the induction assumption. Hence by the definition of S,., 
S p41 te M 441 Cr) S; = M 441. 

Thus S, C M; for 7 = 0,1,.... 

COROLLARY 2.1. Let G be an M-@ group and assume that (k,)-(ks) hold for the 
property (K). Then if there exists a (finite) K-chain which connects 0 and G, the 
upper and lower K-chains are K-chains of shortest length connecting QDand G. I 

Om Bit . gt Bat .eck bs OG (of length n) 


is any K-chain of shortest length, S,_; GC Ui T;, fort = 1 


~~ 





vill 


are 


are 


nce 
N, 


or 


1 n) 
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THEOREM 2.3. Assume that (k,)-(ks) hold for the property (K). Let G be an 
M-@ group and assume that G has upper and lower K-chains of length n connecting 
O and G. Then the chains 


G6) O@ 7ef\ S31 C rli Ke... C Tf Gio OC... C Tana l\ Se 
T,-1 CG 


(7) OC {To Sor} = San C...C {Ts S-wa} C... C [Ta-1, So} = G 
are K-chains for G. 
Proof. To show that (6) is a K-chain, we have to verify that 7441 ©\ S,-4~» 
T, C\ S,-i-1 satisfies (K) in G/T, (\ S,-;-1 for i = 0,...,” — 2. By the defi- 


nition of 7,, T44:1/7T; satisfies (K) in G/T, fori = 0,..., n—1. Therefore, 
by (ky), 


T ian OV Syeeea/T1 OV Sy 2 
satisfies (K) in G/T, (\S,-:-2. By the definition of S,, S,;2/S,-1-1 satisfies 
(K) in G/S,-;-1 fori = 0,...,2— 2. Therefore, by (k,), 
T 4a 1) Spi—2/T i 1 Sa—1-1 
satisfies (K) in G/T 441 (\ S,-:-1. Hence, by (ks), 
T ina OV Syetea/T 1 OV Seen ON Ta OO Sete = Ta O See /T1 OV Sher 


satisfies (K) in G/T, (\ S,-;-1, and (6) is a K-chain for G. 

To show that (7) isa K-chain, we have to verify that { 7441, S,-«-2}/Ts, S,-«-1} 
satisfies (K) in G/{7T,, S,-:-1} for i= 0,...,"— 2. Since 744:/7; satisfies 
(KX) in G/T, we deduce from (ks) that 

{ T 41) wt /{ T i, , ae 


satisfies (K) in G/{7,, S,-;-1}. Also since S,_ ;~2/S,—;—; satisfies (K) in G/S,— 1, 
{7 , Sp—s-2}/{Ts, S,—1-1} satisfies (K) in G/{7,, S,-:-1}. Hence by (ks), 


{Tu Sones} {T:, S,-1-2}}/{Ts, Se-1-1} = {T s41, Sa 1-2} { /T,, Ss i 1} 


satisfies (K) in G/{7,, S,-;-1}, and (7) is a K-chain for G. 
The K-chains (1), (2), (6) and (7) are shown in the accompanying Hasse 
diagram. 


THEOREM 2.4. Let (K) be a property for which (k,) holds. If the M-¢ group G 
has a K-chain connecting 0 and G, let 


(8) 0=U.C...CU,CUmC...CU, =G, 

and 

(9) Ge %C...C Felt Vac... lamG 

be K-chains of shortest length. Then Uj, not C V;, fori = 0,..., n — 1. 
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T,- SG 


Tas 
‘S. Tas} 








Sas 


T.-$,-O 


Proof. Suppose that Uiyz1 C Vy; then 


0O=VOUmC...cCVOAUmC...CViNU gs 
- Vi C Vine C AA Bs U, =G 
is a K-chain, and its length is less than m. But this is impossible and hence 
Uuinot C V;. 
Consequently if G has a K-chain connecting 0 and G we have for the upper 
and lower K-chains, provided that (K) satisfies (k,)-(ks): 


Gi) S,¢anot G 7, (@=0,...,” — 1) 
(ii) Ty, not C S,_,; (¢=0,..., n — 1). 


The properties (K) which we shall discuss are also invariant under 1/-¢ 
isomorphisms of the group. That is: 





er 














~~ 
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(ke) Let G be an M-@ group and o an M-¢ isomorphism of G. Then if the normal 
@ subgroup A satisfies (K) in G, Ac satisfies (K) in Ge. 


The conditions (ks) and (ks) are equivalent to the following condition: 


(k’s) Let G be an M-@ group and n an M-¢ homomorphism of G. If A and B 
are normal @ subgroups with A > B, and if A/B satisfies (KK) in G/B, then An/Bn 
satisfies (K) in Gn/Bn. 


Proof. Clearly (k’s) implies (ks). We show next that (k’s) also implies (ks). 
We assume that A and B are normal ¢ subgroups of the M-¢ group G with 
A > B and that A/B satisfies (K) in G/B. If C is a normal ¢ subgroup of G, 
let » be the natural mapping of G onto G/C. Then An = {A, C}/C and 
Bn = {B,C}/C. Thus by (k’s), 

[A, C}/C 


—— satisfies (K) in 


(B, C}/C 


_G/C 

{B, C}/C 

But (K) is invariant under M-¢ isomorphism and hence {A, C}/{B, C} satisfies 
(K) in G/{B,C}. 

Conversely, we show that (ks) and (ks) imply (k’s), Assume that A and B 
are normal @ subgroups of the M/-¢ group G with A > B and that A/B satisfies 
(K) in G/B. Let be an M-¢ homomorphism of G, and let C be the kernel of n. 
Then C is a normal ¢ subgroup of G and the natural homomorphism of G onto 
G/C takes A onto {A, C}/Cand B onto {B, C}/C. Hence by the Homomorphism 
Theorem there exists an M-¢ isomorphism of Gn onto G/C which takes An onto 
{A, C}/C and B onto {B, C}/C. 

By the Second Isomorphism Theorem there exists an M-¢ isomorphism of 

G/C . 
iB, Ci/C onto G/ iB, C} 
which takes 
[A, C}/C 
{B, C}/C 
Therefore, there exists an M-¢ isomorphism ¢ of G/{B, C} onto Gn/Bn with 
An/Bn = ({A, C}/{B, C})eo. 
By (ks), {A, C}/{B, C} satisfies (K) in G/{B, C}, and from (kg) it follows that 
An/ Bn satisfies (IK) in Gn/Bn. 





onto {A, C}/{B, C}. 


THEOREM 2.5. Let G be an M- group and (KX) a property for which (k,)-(ke) 
hold. The terms of the upper and lower K-chains are M-¢ characteristic. 


Proof. We prove by induction that the terms of the upper K-chain are M-@ 
characteristic. 7» = 0 and hence is M-@ characteristic. Assume that 7, is 
M-¢ characteristic; and let 7 be an M-¢ automorphism of G. Then 7 induces 
an M-¢ automorphism 4 of G/T, since Tm = T; We deduce from (ke) that 


T 4 1/ T; — (T 41/T; )n 
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satisfies (K) in G/T, = (G/T,)#. Hence by the definition of Ty41, Tim C Tu. 
Similarly, T,.m7' © T4441 so that Tym = Tu. 

We prove by induction that the terms of the lower K-chain are M-¢ character- 
istic. Sp = Gand hence is M-¢ characteristic. Assume that S, is M-¢ character- 
istic and let 7 be an M-¢ automorphism of G. By (k’s), Sm/Sj.. satisfies(K) 
in Gn/S;.m which implies that S,, ¢ S,,™. Since a similar argument shows 
that Sui. SC Syn, Sam = Spr. 


In this section we have often made the hypothesis that the property (K) 
satisfies certain ones of the conditions (k;)-(ks). It may happen, of course, that 
(K) satisfies these (k,) for some M-¢ groups but not for others. In the following 
sections we shall often restrict the class of M-@ groups considered, and discuss 
particular properties (K) for this class. It is clear that the results of this section 
may be applied to this class of groups, provided that (K) satisfies suitable con- 
ditions (k,) for groups in this class, and provided that the ¥ subgroups and 
quotient groups of a group in the class also belong to the class. 


3. Loewy chains. The first property (K) which we shall consider gives 
rise to the so-called Loewy chains [2, pp. 506-509]. Following Remak, we make 
the following definitions: 

Definition. Let G be an M-@ group. If F is a minimal normal ¢ subgroup 
( # 0) of G, we call F a foot of G. 

Definition. The compositum of all feet of the M-¢ group G is called the socle 
and is denoted by S = S(G). (If G has no feet, the socle is defined to be 0.) 

Before defining Loewy chains we state the following results [7]: 


LemMA 3.1. If T is a normal @ subgroup of the M- group G and if 
T = C F(a € &) where F, is a foot of G for each a of the set U, then there exists a 
subset B of UX such that T = ¥-°F3(8 € B). (The notation ¥-° is used for direct sum.) 


Remak proves this in the case where % is finite. The same method of proof 
is valid in the infinite case, using transfinite induction. 

COROLLARY 3.1. Let G be an M-@ group with socle S # 0. S is the direct sum 
of feet of G. 


Lemma 3.2. If N is a normal @ subgroup of the M- group G contained in the 
socle S of G, N is the direct sum of feet of G. Furthermore, there exists a normal ¢ 
subgroup N’ of G such that S = N @ N’. 


Proof. Let K be the compositum of all feet F of G with FC N. By Lemma 
3.1, there exist sets % and BS such that 


K =L'F.(a€l), S=K ODM (BC B) 


where F, and Fz are feet of G for a in M and 8 in B respectively. N DK and 
hence V = K @ (NC\ &° F;(8 © B)). 
Assume that N(\>°°F; = 0 (8 € B). Let x be a non-zero element of 






K-y VON of! 
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NC\%3 Fs(6 € B); then x =f, +...+/f,, where, fori = 1, ..., m, f; is in 
F;, and 8, isin 8. Hence 


L=NND Fs, # 0. 


i=l 
> Fs is a ¥ subgroup of G and its y subgroups satisfy the minimum condi- 
t 
1 


tion. Hence there exists a minimal ¥ subgroup F # 0 contained in L. Thus 
F is a foot of G and is contained in N. But this is impossible because 
then FC KandK/f\L=0. Therefore 


NOD Fs, = 0(8 € 9), N=K =>"F, (a € &), 


so that V is the direct sum of feet of G. 
Let N’ = >° F;(8 € B); then N’ isa normal ¢ subgroup of Gand S = N @ N’. 


COROLLARY 3.2. If N is normal } subgroup of the M- group G contained in the 
socle S of G, then S/N is the direct sum of feet of G/N. 


Proof. By Lemma 3.2, S = N @ N’ and N’ = 3° F,(8 © B), where Fz is a 
foot of G, for 8 in B. S/N is therefore M-f isomorphic to N’ and hence is the 
direct sum of feet of G/N. 


Consider now the following property of ¢@ subgroups of an M-¢ group: 


(R). Let A be a ¢ subgroup of the M-¢ group G. A satisfies (R) in G if A is 
contained in the socle of G. 


Definition. A normal @ subgroup N of the M-@ group G is fully reducible 
with respect to G if it is the compositum of feet of G. (We assume that 0, which 
is the sum ot no feet, is fully reducible.) 

From Lemma 3.2 we see that a normal ¢ subgroup satisfies (R) in G if and 
only if it is fully reducible with respect to G. 

We call an R-chain a Loewy chain. The property (R) obviously satisfies 
(k,) and (ke) so that the upper Loewy chain may be constructed. We denote 
the upper Loewy chain by: 


(10) fe eee eA ee eee 


We verify that (R) satisfies (ks): 

THEOREM 3.1. Let A, B, and C be normal @ subgroups of the M-@ group G with 
ADB. If A/B is fully reducible with respect to G/B, then |A, C}/|B, C} is fully 
reducible with respect to G/{ B,C}. 

Proof. Since A/B is fully reducible with respect to G/B, A/B = C (A,/B) 
(a %), where A,/B is a foot of G/B, for each a in the set Wf. 

{A,C} _ {CA,,C} _ C{A,, C} 


= = 3) 
'B, C} iB, C] iB, Cl ta € @). 
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[AC] _ {A {BCH} Aw iecaic 

mm oo. CN = Bie May Be eee 
A, is a minimal ¥ subgroup of G which contains B. Hence since A, () {B, C} 
is a y subgroup of G and B C A, /)\ {B, C} C Ag, either 


B=A,(\{B,C} or Ag = A.‘\{B,C} so that A, C {B, C}. 


In the first case, 


i oo B Map) 
and hence {A,, C}/{B, C} is a foot of G/{B, C}. In the second case, 
{A., C} = {B, C}. Therefore, {A, C}/{B, C} is fully reducible with respect to 
G/{B, C}. 

Thus the condition (R) satisfies (k,), (ke), and (ks) and hence as a consequence 
of Theorem 2.2 we have: 


THEOREM 3.2. Let G be an M-@ group which possesses a Loewy chain 
O=N,C...CN,C Nu 


(that is, N, is normal in G, and N44;/N, is fully reducible with respect to G/N ,, for 
t= 0,1,...), then N, © S;, where the S; are the terms of the upper Loewy chain. 
Hence if N, = G for some integer n, S, = G so that the upper Loewy chain connects 
0 and G and has length < n. 


If J is a maximal y subgroup of the M-¢ group G, then G/J is ¢ simple and 
hence is fully reducible with respect to G/J. Hence if (ks) were satisfied by (R) 
we should have G/N fully reducible (with respect to G/N) for N the intersection 
of maximal ¥ subgroups of G. That this is not in general the case is shown by a 
simple example: 


EXAMPLE 3.21. Let G be the additive group of integers, M void and let ¢ 
consist of all subgroups of G. Then if p is any prime, (p), the group generated 
by ~, is a maximal normal subgroup of G. Furthermore, 


Nip.) =0 
i=1 
if pi, p2,... is an infinite sequence of different primes. But G contains no 


minimal subgroups, and hence is certainly not fully reducible; in fact, the upper 
Loewy chain has as its only term 0. 

We shall need the following theorem to show that (k;) holds for the property 
(R) in an M-¢ group G, provided that the y subgroups of G satisfy the minimum 
condition: 


THEOREM 3.3. Let A and B be normal } subgroups of the M- group G with 
ADB. If A/B is fully reducible with respect to G/B, then B is the intersection 
of maximal subgroups of A. 


th 


Ww 


al 
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Proof. (i) Assume that B = 0. By Lemma 3.1, there exists a set 8 such 
that A = 3° As(8 < B) where, for 8 in B, Ag is a foot of G. For 6 in B define 
} J; =>) As (B € B). 
- Bas 
Then A = J; @ Aj, and J; is a maximal y subgroup of A. 
Let K = f\ Js; K isaysubgroupof A and hence if K # 0,K = 2 A,(y7 @), 
where € is non-void, and € C B. If yis in €, A, ff} Js = K (6 € B) so that 
in particular A, © J,. But this is impossible. Therefore, K = {| J; = 0, and 


) B = 0 is the intersection of maximal ¥ subgroups of A. 
(ii) In the general case if we apply the result of (i) to the quotient group, 
’ G/B, we have: There exists a set 8 such that B/B = ff} (J,/B) (4 $), 
, where J,/B is a maximal ¥ subgroup of A/B, for y in 8. But then 
B = Nn Sar 
. 


and J, is a maximal ¥ subgroup of A, for y in B. 


THEOREM 3.4. Assume that the y subgroups of the M-o group G satisfy the 

minimum condition. Let A, Aq be ¥ subgroups of G for each a in the set UX, with 

fi ACA. Thenif A/A, is fully reducible with respect toG/A,, fora in U,A/ fT Ae 
is fully reducible with respect to G/ f\ Aa. 


, Proof. By Theorem 3.3, A, is the intersection of maximal y subgroups of A. 
Hence f} A, is the intersection of maximal ¥ subgroups of A, and is therefore 
the intersection of a finite number of maximal ¥ subgroups of A, since the y 
subgroups of G satisfy the minimum condition. 
l Let 
| " 
c=fla. =m, 
‘ i=1 
) where M, (i = 1,..., ) is a maximal y subgroup of A, and assume that  >1 
and that 
8 
K,=NM,#C its Saye n). 
i( j)=1 
f Then since M, is a maximal ¥ subgroup of A and K, is not contained in M,, 
, A = {K,, My}. MM, has the maximal y subgroups 


Mi M2, ..., Mi OQ Mag and K, =f (iO M,) 
| so that the same argument applied to M, shows that M, = {Ke, Mi (\ Mo}. 
' Continuing in this manner we obtain 
| A=CK;, 
j=l 


Hence 
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A/C = C (K,/C), 


j=l 

Ky_ _K; _~ {M,K;} | 

¢° EAN," (ly) 
= A/M, 


which is ¥ simple. Thus K,/C is a foot of G/C, so that A/ f| A. = A/C is 
fully reducible with respect to G/C. 

Hence (R) satisfies (k3) for M-¢ groups whose ¥ subgroups satisfy the mini- 
mum condition, and the lower Loewy chain may be constructed for these groups. 
We denote the lower Loewy chain by: 


(11) G=R,2...2DR DRyui2.... 

THEOREM 3.5. Assume that the y subgroups of the M- group G satisfy the 
minimum condition. Let A and B be ¥ subgroups of G with BC A. If A/B is 
fully reducible with respect to G/B, then A(\C/B(\C is fully reducible with 
respect to G/B \ C. 


Proof. By Theorem 3.3, 


B=NM, 
i=} 
where M, (¢ = 1, ..., ”) is a maximal ¥ subgroup of A. Hence 


BOAC=N (M,N C). 
i=—1 
If§ANC#M,NC, 


BOC £02 AMANO (ty) 
M,.\VC) M,1\(AN\C)— M, eon eens 
which is ¥ simple. Hence M,(\C is a maximal y subgroup of A (\ C: and 


Theorem 3.4 shows that A ‘\C/B/\C is fully reducible with respect to 
G/BN C. 


CorOLiary 3.3. If the y subgroups of the M- group G satisfy the minimum 
condition, then for G the property (R) satisfies the conditions (k,)-(ks). 


Hence we have: 


THEOREM 3.6. Let G be an M-@ group whose ¥ subgroups satisfy the minimum 
condition, and assume that G possesses a Loewy chain: 


Seis... 28,382... 


(that is, K, is in p, and K,/K 44; is fully reducible with respect to G/K y1:, for 
j=0,1,...) Then K,;>R,;forj =0,1,..., where the R, are the terms of the 
lower Loewy chain (11). Hence if K, = 0 for some integer n, R, = 0 so that the 
lower Loewy chain connects G and 0 and has length < n. 


wh 
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COROLLARY 3.4. Under the hypotheses of the preceding theorem (that is, the p 
subgroups of G satisfy the minimum condition and K, = 0 for some integer n), the 
upper and lower Loewy chains connect 0 and G and have equal lengths. 


THEOREM 3.7. Let G be an M-@ group and assume that the upper Loewy chain 
connects 0 and G so that 
O9- SC...CS&C...C & oG. 
Then if we define the chain 
G=M,2...2M,2Mwui2..., 
where M 44, ts the intersection of M, with all maximal ¥ subgroups of M,, there 


exists an integer m < n such that M,, = 0. 


Proof. We use induction to prove that M,C S,_;. Since S,_, is the inter- 
section of maximal w subgroups of G, M, C S,-,. Assume that M, C S,_,; by 
Theorem 3.3, S,_,-1 is the intersection of maximal ¥ subgroups of S,_, so that 
there exists a set % such that N, is a maximal ¥ subgroup of S,_, for a in YU, and 

S,j1= NN. (a € &). 
Either {M,, Nz} = Na or S,-; In the first case, M,(\N, = M,; in the 
second, M,(\ N, is a maximal y subgroup of M,, since 
‘ - 
-_ M; . s M5 N. } = Sa- (Map) 
M,N. M, M, 
which is ¥ simple. Thus 








I 


Nh (M,0N,) 


is the intersection with M, of maximal ¥ subgroups of M, so that 


M p41 G n (M, 01 N,) C Nn N. - Sr-s 1- 


Hence M, C S,_; (¢ = 0,1,...,m). In particular, M, © So = O and M, = 0. 

As we have seen the converse of Theorem 3.7 is not true, for Example 3.21 
shows that even if M, = 0, there may be no Loewy chain connecting 0 and G. 
Under the hypothesis of Theorem 3.7, it is not possible to prove that if M,, = 0, 
S» = G, as the following example shows: 


EXAMPLE 3.71. Let W be the direct sum of the cyclic groups generated by 3, 


Maveee Beases elements of prime order p; thus 
W = (6) @ (1) @...@9 (6) @.... 
Let M consist of the endomorphisms p;, where p,(b) = },, p,(b,) = 5, and 


p:(b;) = 0 (j #1). Let ¢ consist of all M admissible subgroups of W. 
Then V = (b;) ®@... @ (b;) ®... is the socle of W and 0 C VC W is the 


upper Loewy chain for W. If 


V,= (b,)@...@ (by-1) ® (b—b,)@ (b4:1) @..., 
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V, is a maximal @ subgroup of W, and 


n 


Nn V; = (6—h -— cae bn) @ (Ont) Hees 


t= 1 


so that 


ae ae, 


i=] 


Hence although the length of the shortest Loewy chain for W is 2, the inter- 


&9 


section of all maximal (normal) ¢ subgroups is 0. 


4. Central chains. The centre of an M-@ group G is not necessarily a ¢ 
subgroup of G. However, if for a in the set A, S, is a @ subgroup contained in 
the centre of G, the compositum of the S, is a ¢ subgroup which is contained in 
the centre of G. 

Definition. Let G be an M-¢ group. The ¢ centre of G is the compositum of 
all the @ subgroups which are contained in the centre of G, and is denoted 
by Z,(G). 

The ¢ centre is the uniquely determined greatest @ subgroup of G all of whose 
elements are centre elements, and is obviously normal in G. 

In this section we shall consider Z-chains, or central chains, where the property 
(Z) is defined by: 


(Z) The @ subgroup A of the M-¢ group G satisfies (Z) in G if A € Z,(G). 
Clearly (k,) and (ke) hold for (Z). 
THeoreEM 4.1. Jf A and B are normal @ subgroups of the M-@ group G with 


A > B, and if A/B is contained in Z,(G/B), then for any M- homomorphism 
of G, An/Bn is contained in Z,(Gn/Bn). Hence (k's) holds for (Z). 


Proof. Let a be an element of A, g an element of G; then 


— an — gn + ant gn = (-a—gt+atg)n, 

which is in Bn, since — a — g +a+gisin B. Hence An/Bn € Z3(Gn/Bn). 

Definition. Let G be an M-¢ group. We make the inductive definition: 

Zo = Z(G) = 0, Zoai/Z> = Zoi(G)/Z(G) = Z4(G/Z,) 
for all ordinals v > 0, and 
Z, = Z(G) = C Z,(G), 
wc 

for limit ordinals X. 

The groups Z,, for positive integral 7, are the terms of the upper central chain 
and hence are M-@ characteristic by Theorem 2.5; it is easily verified (by 
transfinite induction) that Z, is normal and M-¢ characteristic, for each ordinal ». 


THEOREM 4.2. Assume that the M-¢ group G possesses a central chain, 


O = Ne G <+s ete Wen G:-., 
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then N; © Z,, fori = 0,1,.... If N, = G for some integer n, the upper central 
chain is finite of length c < n, and connects 0 and G. 


Proof. It has been shown that (k’s) implies (ks) so that (Z) satisfies (k,) 
(ke), and (ks). Hence the theorem follows from Theorem 2.2 (i). 


’ 


Definition. Let A and B be normal ¢ subgroups of the M-¢@ group G. Then 
(A, B) is the intersection of all normal ¢ subgroups of {A, B} which contain 
—a—b+a+8, forallainA and all d in B. 

Thus (A, B) is the smallest normal ¢ subgroup of {A, B} which contains 
all the commutators — a — b+a+ 6. 


LEMMA 4.1. Let A and B be normal o subgroups of the M-¢ group G with B C A. 
A/B is contained in Z,(G/B) if and only if (A, G) is contained in B. 


Proof. Assume that A/B C Z,(G/B). If a and g are elements of A and G 
respectively, — a — g +a-+ gis an element of B. Thus B is a normal ¢ sub- 
group of G = {A, G} which contains — a — g + a + g, for all a in A and all 
g in G; hence (A, G)CB. Conversely, if B D(A, G), the element 
—a—g+a-+g isin B, forall ainA and all ginG; hence 


a+g=g+a (mod B), 
or A/B C Z,(G/B). 


THEOREM 4.3. Let G be an M-@ group. 
(i) If A and Ag, for each a in the set A, are normal @ subgroups with A > Ag, 
and if A/A, < Z.(G/A,), for a in A, then 
A/f1\A. & 2Z4(G/ NT A.): 
hence (k;) holds for (Z). 
(ii) If A,B and C are normal ¢ subgroups with A D B, and if A/B € Z,(G/B), 
then 
AI\C/BI\CC Z,(G/BO\“C); 
hence (ks) holds for (Z). 
Proof. (i) By Lemma 4.1, A, D (A, G), for a in M; therefore, f] A. D (A, G) 
so that 
A/f\ Aa S Z4(G/ 0} A,). 
(ii) Since, by Lemma 4.1, (A, G) C B, (A (1\C, G) € (A, G) C B. Since C 
is normal in G, the element — c — g + c+ g is in C, for all c in C and g in G. 
Thus (A (\C,G) CC. Therefore, (A (\ C, G) C BO\C, and by Lemma 4.1, 


AI\C/BI\VNCE 2Z,(G/BI"\ C). 
Definition. Let G be an M-¢ group. We define by transfinite induction: 
C’(G) =G, C**(G) = (CG), G) 


for all ordinals v > 0, and 








178 CHRISTINE WILLIAMS AYOUB 


C“G) = NC’) 
r< 
for limit ordinals X. 

The groups C‘(G), for positive integral i, are the terms of the lower central 
chain. For by Lemma 4.1, C‘*'(G) is the smallest normal ¢ subgroups of G in 
C‘(G) such that C‘(G)/C*(G) is contained in Z,(G/C**(G) ). It is easily 
verified (by transfinite induction) that C’(G) is M-@ fully invariant for each 
ordinal »; C’*t!(G) is normal in G (by definition) and, for a limit ordinal, 
C*(G) is obviously normal in G. 


LemMA 4.2. If N is a normal @ subgroup of the M-@ group G, then 
C'(G/N) = {C'(G), N}/N (¢ = 0,1,...). 
Proof. We use induction on i. The lemma is true for i = 0, since 
C°(G/N) = G/N = {G,N}/N = {C°(G), N}/N. 
Assume that the lemma is true for i = j, that is, assume that 
C’(G/N) = {C’(G), N}/N, 
and let C**"(G/N) = K/N. Then 


_C’(G/N) 
C’*" (G/N) — 





or 


~ »(G/N\. 
K/jN = 2 & W), 
hence {C’(G), N}/K C Z,(G/K). Thus 
K 2 ({C"(G), N}, G) 2 (CG), G) = CG) 





so that 

(12) K > {c**G), N}. 

On the other hand, since C’/(G)/C**+*(G) is contained in Z,(G/C*’*'(G) ), we 
deduce from property (ks) that 


Valle 7 . 
_{C*(G), N} < z,( G ), 


(c7*(G), N} = “*\{ CFG), N} 
hence 
{C*G), N}/N ( _G/N | ) 
{c?*"(G), N} /N Sz, (c?*"(G), N}/N 
Thus 
(13) c**(G/N) © {C**(G), N}/N, 


and combining (12) and (13) we obtain K/N = C’*!(G/N) = {C’*'(G), N!/N. 
The induction is thus complete, and C‘(G/N) = {C'(G), N}/N (¢ = 0, 1,...). 


THEOREM 4.4. Let G be an M-@ group which possesses a central chain 


G=M,2...2M;2My.. 


*? 
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then M, > C1(G), forj = 0,1,.... If M, = 0 for some integer n, then the lower 
central chain connects G and 0 and has length < n. 

Proof. Since (Z) satisfies (k,), (ks), and (k,), this follows from Theorem 
2.2 (ii). 

CorOLLarY 4.1. If the M- group G possesses a central chain of length n con- 


necting 0 and G, the upper and lower central chains are of equal length c < n and 
both connect 0 and G. 


Definition. The M-¢ group G is ¢ nilpotent of finite class c, if the upper central 
chain connects 0 and G and has length c. 
THEOREM 4.5. If the M-¢ group G is @ nilpotent of finite class c, then 
(i) Any @ subgroup S is @ nilpotent of finite class < c. 
(ii) If N is a normal subgroup of G, G/N is @ nilpotent of finite class < c. 
Proof. (i) We prove by induction that Z,(G) (\ S € Z,(S) (j = 0,1,..., 0). 
Since Z4(G) (\ S € Z,(S), the assertion is true for 7 = 0. We assume that 
ZAG) (\ S € ZS) and show that 
Zini(G) VS S Zeyi(S). 
Let sand s be elements of Z ,,1(G) (\ Sand S respectively; then — s — s+ 5 + 
is in S, and is in Z,(G), since 
(G, Zu4:(G)) S Z(G). 
Hence — s —2+5+2 is an element of Z,(G) (\S C Z,(S) so that ¢ is in 
Zuri(S) and Zai(G) OS € Zuyi(S). 
(ii) Since G is @ nilpotent of finite class c, C°(G) = 0. By Lemma 4.2, 
C°(G/N) = {C°(G), N} /N = N/N. 


Hence G/N is ¢ nilpotent of finite class < c. 


LT 


THEOREM 4.6. Let G be an M-¢ group. G is ¢ nilpotent of finite class if and 
only if a central chain connecting 0 and G may be obtained from any normal 
chain for G by a suitable refinement. 


Proof. Assume that Z,(G) = G and let 
(14) O=N,C...CN,CNwiS...SN, =G 
be any ¥ chain for G. Consider the chain 
(15) 0C...CN,= {Ny Zo Nur} ©... S {Nag Z, Nui} 
“1¥. Bac Nal &...68 


i+1 


[Ni ZeVNes} = (Naa, ZoVNu2} ©... SG. 
Clearly {N;, Z;(\ Nii} is normal in G. Furthermore, 


(Nu, Zp 0 Ness} /(Nu Zp 0 Nea} S Z(G/(N 4 Zp Nun}), 
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as can be seen by using properties (ky) and (ks). Hence (15) is a central chain. 
This proves that the condition is necessary. The sufficiency is obvious. 


COROLLARY 4.2. Assume that the M- group G is @ nilpotent of finite class. If 
the y subgroups of G satisfy the double chain condition, then a ¥ composition series 
is necessarily a central chain. 


5. M-¢ groups with a finite Loewy chain. We now consider an M-¢ group G 
which has a finite Loewy chain connecting 0 and G and show that in this case 
the upper and lower central chains are finite. Furthermore, if G is ¢ nilpotent 
of finite class, the upper Loewy chain, if it exists, is a central chain. 

Definition. Let G be an M-¢ group. If r is the first ordinal such that 
Z(G) = Z,4:(G), then Z,(G) is the hypercentre of G and is denoted by H(G). 
If o is the first ordinal such that C*(G) = C**+'(G), then C*(G) is the hyper- 
commutator of G and is denoted by H*(G). G is @ nilpotent if H(G) = G and 
H*(G) = 0. 

Let us suppose for the moment that G is an M-¢ group whose y¥ subgroups 
satisfy the double chain condition. Then the hypercentre H(G) = Z,(G) for 
some integer m, and the hypercommutator H*(G) = C”(G) for some integer m. 
Hence G is ¢ nilpotent if and only if G is ¢ nilpotent of finite class so that either 
of the following conditions is necessary and sufficient for G to be ¢ nilpotent: 


(i) H(G)=G or (ii) H*(G) = 0. 


"In this section we shall show that these results hold for an M-¢ group which 
possesses a Loewy chain connecting 0 and G. Furthermore, if G is @ nilpotent 
then any Loewy chain connecting 0 and G (if one exists) is a central chain. This 
is an analogue to Corollary 4.2, which asserts that a y composition series (if one 
exists) is a central chain. 


THEOREM 5.1. Let J be a minimal normal ¢ subgroup of the M- group G which 
is not contained in the hypercommutator of G, then J is contained in the ¢ centre of G. 


Proof. J is contained in G = C°(G) but is not contained in H*(G) = C*(G). 
Hence there exists a first ordinal v such that J is not contained in C’(G). Since 
J © C#*(G) for all u < » implies 


JCNncG), 
pcr 
vy is not a limit ordinal. Let y = }\ +1. Thus J is contained in C*(G) but not 
in C**'(G). 
Since C’*'(G) is normal in G, J (\ C***(G) is a normal @ subgroup of G. 


J (\ C**"'(G) is contained in the minimal normal ¢ subgroup J and is not equal 
to J, since J is not contained in C**'(G). Hence 


~A+ 1 + 
JING '(G) = 0. 
Let g be an element of G, and a an element of J; then 


—g-—a+ gta=(-—g-a+g)+a 
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is in J, and is also in C**'(G), since JC C*(G). Therefore — g -a+¢+a=0, 
or a commutes with g. Thus J C Z,(G). 
CorROLLArY 5.1. Jf S(G) is the socle of the M-@ group G, 
S(G) C Z(G) + H*(G). 
In particular, if G is @ nilpotent, S(G) C Z(G). 

CorO.iary 5.2. Jf, for every ~ subgroup N of the M- group G, G/N is @ 
nilpotent, any Loewy chain is a central chain. In particular, if G is @ nilpotent 
of finite class, every Loewy chain is a central chain. 

Proof. Let 
(16) O=NOC...CN,ONWC... 
be a Loewy chain. Then N,4:1/N; C S(G/N,) C Z4(G/N,), since G/N, is @ 
nilpotent. Hence (16) is a central chain. 


THEOREM 5.2. If the M-@ group G has a Loewy chain of length n which connects 
0 and G, then H*(G) = C"(G). 


Proof. From the theory of Loewy chains we know that the upper Loewy 
chain connects 0 and G and has length < nm. Let 


Oe 2641s Cee. oe SG 
be the upper Loewy chain. For each positive integer i, G/C‘(G) is ¢ nilpotent 
of finite class since, by Lemma 4.2, 
C'(G/C'(G)) = {C*(G), C'(G)} /C'(G) = C'(G)/C'(G). 
The chain 


So, C'(G)}/C'(G) ©... S [Sy C'(G)}/C'(G) F tSpr, C(G)}/C'(G) C 


C {S,, C'(G)}/C'(G) = G/C'(G) 
is a Loewy chain (of length < ), since 
{ S541, C'(G)}/C'"G) | Ss41, C'(G)} (M4) 
{S;, C'(G)}/C'(G) ~ ={S;, C'(G)} 5 
which is contained in the socle of G/{S,, C‘(G)}. By Corollary 5.2, this is a 
central chain for G/C'(G). Hence G/C*'(G) is ¢ nilpotent of finite class < n. 
Therefore 
c"(G/C'(G)) = C'(G)/C'(G). 
But on the other hand, by Lemma 4.2, C*(G/C'(G) ) = {C"(G), C'(G)}/C(G). 
Thus C"(G) = C‘(G), for 1 > n, and H*(G) = C"(G). 


Coro.uary 5.3. If the M- group G has a Loewy chain of length n which 
connects 0 and G, and if H*(G) = 0, then G is @ nilpotent of finite class < n. 

A theorem about maximal normal ¢ subgroups analogous to Theorem 5.1 
about minimal normal @ subgroups is: 
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THEOREM 5.3. If J is a maximal normal subgroup of the M- group G which 
does not contain the hypercentre of G, then J contains C'(G). 


Proof. H(G) = Z,(G) is not contained in J. Hence there exists a first ordinal 
vy such that Z,(G) not C J. Since Z,(G) C J for all wp < », 


C 2,(G) CJ 


ed 


and therefore v is not a limit ordinal. Let » = «+1. Z,(G) is contained in J 
but Z..:(G) is not contained in J. Z,.:(G) is normal in G, and J is a maximal 
normal ¢ subgroup of G; therefore 


G = J aaa ZuiilG). 
Let z and 2 be elements of Z,4:(G); the element — z — 2 +2+2’ is in 


Z(G) CJ. Hence G/J is abelian, or C'(G) C J. 


In Theorem 5.2 we have given a sufficient condition that the hypercommu- 
tator, H*(G) equal C"(G) for some integer ». We now find that under a some- 
what weaker condition the hypercentre, H(G) equals Z,,(G) for some integer m. 
We need first a lemma. 


LemMA 5.1. If the normal @ subgroup N of the M-¢ group G is contained in 
Z(G) for some integer r, and if G possesses a chain 


G=D.)...0D)D; 2. DuidD...D> Daz = 9, 
where D.,, 1s the intersection of maximal y subgroups of D,, then 
NODI/NO Deas SC Z4(G/N CO Dus). 
Proof. ¥or fixed i (0 < i < m) consider the chain 
0=2(G)ANAD,C...CZ(GOANAD.C... 
CZ(G)ANOAD,=NOD, 


If J is a maximal ¥ subgroup of N (\ D,, J contains the first subgroup of the 
chain but does not contain the last. Hence there exists an integer j such that 


Z(G) NNOD, STI; Z(G) ANOD,not C J. 
Thus J C (Zyi(G) AV NO’ D, + JC NC)\ D,, and, since J is maximal, 
NND, = (Zys(G) ON OD,). 


Let g and z be elements of G and Z4,:(G) (\ N(\ D, respectively. The 
element — g — z+g+2 isin N(\ D, (since N and D, are normal subgroups 
of G), and is also in Z,;(G), since by definition 


Z1(G)/Z(G) = 2(G/Z,(G)). 


Thus — g-—z2+¢+2isinZ,(\N(\D,;,CJ. HenceJ D (G,N(\D,). But 
N (\ Dy. is the intersection of maximal ¥ subgroups of N/\D;. Therefore 


NO Dus > (G,NOD,) 


al 
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and thus by Lemma 4.1, VN (\ Di/N O° Das © Z6(G/N CO’ Duy). 
THEOREM 5.4. If the M- group G possesses a chain 
G=D.)...D D:D DuDdD...DDa = 9, 
where Dj, 1s the intersection of maximal ¥ subgroups of D,, then H(G) = Z(G). 
Proof. Let r be any positive integer and let Z, = Z,(G). Then by Lemma 5.1, 
ZN Di/Z,0 Dear © 2(G/Z, CO Days). 


Hence 
0=N,=Z,1\D,C...29 Ny = Z,.\ Day... Nem = Z,(\ Do = Z, 


is a central chain for G; and by Theorem 4.2, Z, = N, CZ. But r was 
arbitrary so that the relation holds for each r. Hence Z, = Z, for r > m, and 
H(G) = Z,,(G). 


Coro.uary 5.4. If the M- group G possesses a Loewy chain of length n which 
connects 0 and G, H(G) = Z,(G). Hence if H(G) = G, G is @ nilpotent of finite 
class < n, and the Loewy chain is a central chain. 


Proof. By Theorem 3.7, if G has a Loewy chain of length m connecting 0 and G, 
and if we define the chain 


G=Me2d...2M;2Myi2Qd.. 


where M,,; is the intersection of M, with all maximal ¥ subgroups of M,, 
there exists an integer m <n such that M, = 0. Thus by Theorem 5.4, 
H(G) = Z,,(G). But 2 > m, so that H(G) = Z,(G). 


6. ¢-solubility. In this section we study another property of the type dis- 
cussed in §3. However, before defining the property, we prove some further 
results about ¢ nilpotency which we shall need. 


LemMA 6.1. Let G be an M-@ group and assume that o is normal. If N is a 
normal @ subgroup of G which is @ nilpotent of finite class, N is nilpotent of 
finite class. 


Proof. It is sufficient to show that the @ subgroups Z,(NV) are normal in G. 
To show that Z,(NV) is normal in G, we note that Z,(V) is a subgroup of the 
centre Z(N) of N, and that Z(N) as a characteristic subgroup of N is normal 
inG. Hence if g is any element of G, 


—g+2Z,(N)+¢o-—-g+2Z(N) +24 = Z(N). 
Since ¢ is normal, — g + Z,(N) + gisa@subgroup of G; hence 
—gt+2Z,(N) +28 = Z,(N). 
It may be shown by induction that Z,(NV) is normal in G. 


THEOREM 6.1. Let G be an M-¢ group and assume that ois normal. If M and 
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N are normal } subgroups of G which are ¢ nilpotent of finite class, then M + N 


is @ nilpotent of finite class. 


Proof. (i) Assume that Mf\ N = 0sothat M+ N= MON. Since (by 
Lemma 6.1) M and N are y nilpotent, there exist chains: 
(17) 0O=NoC...C©N,CNuiC...CN, HN, 
(18) O0= M,C...CM,CMuiCc...CM, = M, 
with N, and M, y subgroups of G (i = 1 
Nui/Ni S Z4(N/N:); Meas/M; SC 2Z(M/M,) 


Let mii, Mi41, m, and n be elements of M41, Nii, M, and N respectively; the 
element 


— (m+n) — (mua t+ mui) + (m+n) + (mui + 241) 


= —M— Mat mt Mui — 2 — Nar tnt nus 


is in M, + N,, since (M, My) C M, and (N, Nii) C Ny Hence 
M 41 + Nigs/M, +N, S 2,(M + N/M, + N,), 


and the chain 0 = M,+NoC...CM,+N,C MuitNuic...CM+N 


is a central chain for M + N; thus M + N is ¢ nilpotent of finite class. 

(ii) We consider the general case (i.e., no longer assume that M(\ N = 0). 
Since M/M (\ N and N/M (\ N are ¢ nilpotent of finite class, it follows from 
(i) that M+ N/M C\N is ¢ nilpotent of finite class and hence there exists a 
chain 


(19) MAN=QC...cQ,2QuC...cQ=M+WN, 
where Q, is in y, and Q44:/0; C Z,(M + N/Q;). By Theorem 4.6, there exists a 


chain 


(20) O=K,C...CK,CKwC...CK,= MON, 

where K , is in yand K ,,;/K, € Z,(M/K,), and there exists a refinement of (20): 

(21) O= Kyo=KooC...CK,=Kyo0C...CK;y,€...CK;, 
=Kyic...CMNNN, 


where K,,, is in ¥, and Kj p41/Kj.p © Zs(N/K;,,). Clearly, 
K;, p+ /K 5, r& Z,(M + N/K; 9). 
Combining (19) and (21) we obtain the chain 
Se EoG .«.G kwh. SBN eo OG... aG...S@ 


In 
a 


=M+N. 
This is a central chain for M + N. Thus M + N is ¢ nilpotent of finite class. 


COROLLARY 6.1. Let G be an M- group and assume that o is normal. If the 
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y subgroups of G satisfy the ascending chain condition, the compositum of normal ¢ 
nilpotent @ subgroups of finite class is @ nilpotent of finite class. 


This result can also be obtained under the hypothesis that there exists a 
Loewy chain connecting 0 and G. 


THEOREM 6.2. Assume that the M-¢ group G possesses a Loewy chain connecting 
0 and G, and assume that @ is normal. If Ag, for each a in a set A, is a normal @ 
subgroup of G which is nilpotent of finite class, then C A,(a € %) is nilpotent 
of finite class. 


Proof. LetO = SoC...CS;C... CS, = G be a Loewy chain for G. If 


the chain 
(22) Om ANS2=7T.C...CANVS, @™%C...C ANS @ TL, 2A 


is a Loewy chain for the M-¥ group A, that is, each 7,,,/7, is the sum of minimal 
y subgroups of A/T7;. For 
Tina _ AMY Sinn [AO Sins, Si} (Mp) 
T; sis S; : ‘ 
which is the sum of minimal ¥ subgroups since it is contained in S,4:/S;. We 
now show that the chain (22) is a central chain. 
By Lemma 3.1, T744:/7; can be written as the direct sum of minimal W sub- 
groups; let 


ai/T, = > °R/T; (y € ©), 


where F,/T,, for each y in the set €, is a minimal ¥ subgroup. For fixed y in € 
and for fixed a in &, we show that 7; D (F,, A.). Since F,/T, is a minimal y 
subgroup, either 


Fy (\(A+T7;) =T, or Fy O(A4+T,) = Fy. 
In the first case, F, (\ A. © T;; and (F,, A.) C F, (\ A, so that (F,, A.) C 7;. 


In the second case, 
F, © Ae+T7; or Fy/T7,;CA.+T7;/7 


Since F,/T, is a minimal y subgroup of the y¥ nilpotent group A, + 7;/T;,, it is 
contained in Z,(A,+7;/7;). Therefore, (A.+7, F,) GT; so that 
(A,, F,) © T;. It follows that, for each y in € ory for each ain W, (A,, Fy) C T;. 
It follows that, for each y in ©, (C A,, F,) CT; or equivalently, F,/T; 
C Z,(A/T;,). This in turn implies that 


T 41/7; = Do °F, /T;, S Z,(A/T,) 


which shows that (22) is a central chain. Hence A = C A, is @ nilpotent of 
finite class. 
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THEOREM 6.3. Assume that the hypercommutator H*(G) of the M- group G, 
is equal to C"(G) for some integer n. If N,isanormal subgroup of G, for each a in 
the set A, and if G/N, is @ nilpotent of finite class, then G/ [| N. (a € U) is o 
nilpotent of finite class. 


Proof. There exists a central chain for G of finite length m, connecting N, to 
G, for each a. Hence 
c**(G) CN. 
But 
H*(G) =C"(G) C C"*(G) 
for each a. Hence H*(G) C N,, for each a, and 


H*(G) CNN, =N. 


G/H*(G) is @ nilpotent of finite class and hence G/N is ¢ nilpotent of finite 
class. 


COROLLARY 6.2. Under the hypotheses of the previous theorem, H*(G) is the 
intersection of all normal @ subgroups N such that G/N is ¢ nilpotent of finite class. 


LemMA 6.2. Let A and B be normal ¢ subgroups of the M- group G with A > B. 
If A/B ts $ nilpotent of finite class, An/Bn is @ nilpotent of finite class for any M-¢ 
homomorphism n of G. 


Proof. There exists a chain B= B,C ...C B,C ByiC...CB, =A, 
where B,is a normal @ subgroup of A and B,,;,/B;< Z,(A/B,). By Theorem 4.1, 


Bizin/Ban — Z,(An/B mn), 
and thus An/Bp is ¢ nilpotent of finite class. 


It may be shown in a similar fashion that the following is a consequence of 
Theorem 4.3 (ii): 


LemMA 6.3. Let A, B, and C be normal ¢ subgroups of the M- group G with A >» B. 
If A/B is nilpotent of finite class, then A (\ C/B (\ Cis @ nilpotent of finite class. 


Consider now the property (S) of M-¢ groups: 


(S) The @ subgroup A of the M-¢ group G satisfies (S) (in G), if it is ¢ nilpotent 
of finite class. 


In order to apply our theory of normal chains we must verify that (S) satisfies 
the conditions (k;)-(ks). (ki) obviously holds. The validity of (k,) follows 
from Lemma 6.3. Lemma 6.2 shows that (k’;) holds; and (k’s) is equivalent to 
(ks) and (ks). In order to ensure that (k,) and (k;) hold we make further hy- 
potheses about the groups under consideration. 

Assume that ¢ is normal. It follows from Corollary 6.1 that (k) is satisfied 
if the ascending chain condition holds for the y subgroups. On the other hand, 
in virtue of Theorem 6.3, (k3) is satisfied if the descending chain condition holds 
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for the ¥ subgroups. Hence (kz) and (ks) hold if we assume the double chain 
condition for ¥ subgroups. However, this condition may be replaced by the 
weaker condition that G possesses a Loewy chain connecting 0 and G. This 
follows from Theorem 6.2 (for (kz) ); and from Theorems 5.2 and 6.3 (for (ks) ). 
So we have: 


THEOREM 6.4. Let G be an M- group. Assume that ¢ is normal and that G 
possesses a Loewy chain connecting 0 and G. Then (S) satisfies (k,)-(ks). 


Therefore, the upper and lower S-chains may be constructed, and the results 
of §2 hold for S-chains. The terms of the lower S-chain are: 


G > A*(G) 2 HG) = A*(H*(G)) D>... DHRA(G) = H*(AMG)) 2.... 


This follows from Corollary 6.2. However, the terms of the upper S-chain are 
not necessarily the successive hypercentres, for the hypercentre H(G) is not 
necessarily the maximal ¢ nilpotent normal ¢ subgroup of G. 


Definition. If the M-@ group G possesses an S-chain that connects 0 and G, 
G is @ soluble. 


THEOREM 6.5. Let G be an M-@ group. Assume that is normal and that G 
possesses a Loewy chain connecting 0 and G. If G is @ soluble, any Loewy chain 
connecting 0 and G has abelian factors and consequently is an S-chain. 


Proof. LetO = UpC... GC U~OS Ur CS... & Um = G be a Loewy chain 
for G; then U,,;/U, is the direct sum of feet of G/U; Hence in order to show 
that U44;/U;, is abelian, it is sufficient to show that any foot of G/U, is abelian. 

Let F/U, be a foot of G/U;. Since G is ¢ soluble, there exists a chain 

U,.=T™C...S©T,42T7TyiC...ST7, =G, 
where 7, is in y and T,,;/7, is y nilpotent of finite class. Choose j so that F is 
not contained in 7, but is contained in 7 ,,;. Then 
U,CFNT,CF 
and hence, since F/U;, is a minimal ¥ subgroup, U; = F(\T, Now F + T,/T, 
is a minimal ¥ subgroup of the y nilpotent group 74:/7,; by Corollary 5.1, 
F + T,/T; is in the centre of 7,,:/7,;. This implies that F/U;, is abelian, since 
F/U,= F+T;/T;. 
The definition of solubility that we have used was discussed by Hirch [6]. 


It is customary to proceed somewhat differently. 
Definition. For the M-¢ group G we define 


G™ -_ G. Gath -_ iG”, G”). 
for n > 0. 


(23) GuG”>...26° ag" @... 


is a descending normal ¢ chain, and the factors G‘‘+” /G°® are abelian; in fact, 
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G‘*+ is the smallest normal ¢ subgroup of G‘® such that the quotient group is 
abelian. However the dual construction does not yield an ascending normal ¢ 
chain with abelian factors; for the compositum of abelian normal ¢ subgroups 
is not necessarily abelian. 

The following theorem shows that the definition given for ¢ solubility coincides 
with the customary one: 


THEOREM 6.6. The M-¢ group G is ¢ soluble, if and only if G‘® = 0 for some 
integer s. 


Proof. The chain G=G">...)G®D...>G”" =0 has abelian 
factors and hence is an S-chain. 
Conversely, assume that G = Ry D...DR,;D Rui D... DR, = Vis an 


S-chain so that R;/R4,, is ¢ nilpotent of finite class. Then the chain 
Ri/Ros = C'(Ri/Rus) D... D C(Rs/Rins) D... D C™(Ri/Rer 
_ Rigi/Rigs 
joins R;/ Ri; to Ryi/R4, and has abelian factors. Hence if 


C’(R:/Rea) = Ry y/Riar, Rin, = Rin, 
the chain 


G=R2...2DRiD...DRi Dd... DRia, = Rai D.-. DR, = 0 


is a normal ¢ chain for G with abelian factors. It is easy to verify that if there 
exist a normal ¢ chain with abelian factors connecting G and 0, then G‘” = 0 
for some integer s. 
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QUELQUES REMARQUES SUR LA GENERALISATION 
DU SCALAIRE DE COURBURE ET DU 
SCALAIRE PRINCIPAL 


ARTHUR MOOR 


Introduction. Dans un espace finslérien 4 m dimensions rapporté a un 
systéme quelconque de coordonnées x', x?, . . 


., x", la distance de deux points 
infiniment voisins est donnée par la formule 


~ 1 2 1 2 
(1) ds = F(x’, x",...,%,d%,d%¢,...,d%°) 
ott la fonction F(x*, x*,..., x", dx', ..., dx") est positivement homogéne et du 
premier degré par rapport aux dx‘. La longueur d’un arc d’une courbe 


(2) x* = x‘(t) (¢ = 1,2,...,m) 
est définie entre x‘(to) et x‘(t,), d’aprés (1), par 

(ts , 
(3) s= | F(x, x )dt. 

te 


L’expression (3) détermine une géométrie dont I’élément fondamental est 
élément d’appui (x, x’). Les tenseurs et les invariants caractéristiques de 
l'espace finslérien dépendent alors de (x, x’). 
éléments d’appui (x, x’) [3]. 

Dans ses mémoires [1] et [2], Berwald a donné deux scalaires caractéristiques 
de l'espace finslérien 4 deux dimensions: la scalaire de courbure ® (il a désigné 
le scalaire de courbure par &) et le scalaire principal 
lytiques de ® et de & sont: 


(4a) R = Ro‘ gh (U’h* — Uh’), 


L‘espace est un ensemble des 


%. Les expressions ana- 


k 
(4b) 3 = 4Aiph'h’h’, 
ol Ro‘ est le tenseur de courbure riemannien contracté par le vecteur 
L° (Ro‘ x = Rs‘ l*), Ain est le tenseur de torsion de l’espace, /‘ est le vecteur 
unitaire porté dans la direction de son élément d’appui et h‘ est le 
normal unitaire. 


vecteur 


Dans mon article [5], j'ai exprimé le vecteur normal h‘ par le vecteur d’ Euler: 


(5 OF d 
5 = — 

Pr Ox" dt 
sous la forme 


(6) ee 4 


Recu le 7 novembre, 1950 


189 
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ou 


(6a) = &(p°) =Vgurp = Vp. 
1/r est alors la longueur du vecteur p‘, et ainsi on peut déterminer les deux in- 
variants ® et $ par les formules (4a), (4b) et (6) mémedans l’espace a m dimensions, 
car le vecteur p‘ est un vecteur de l’espace 4 m dimensions. 

Dans la section 1 du présent article nous allons démontrer que 1/r est aussi 
un invariant géométrique 4 m dimensions (si m = 2, 1/r est la courbure extré- 
male) et que les scalaires 


1 
r 


2 
r i 
R = IF’ Ro np (l’p* = 9’) 
et 
3 


ae r ijk 
p= 3A inp pp 


dépendent de la courbe (2) si m > 2. Le vecteur unitaire' 


p*' = > rp' 


est le vecteur normal principal de la courbe (2). 
Dans la section 2 nous donnerons la condition nécessaire et suffisante pour que 
les tenseurs Ro‘ et A; aient la forme tridimensionnelle: 
J j 


(7a) Ro» - Rp* “(Lot = Lp), 
(7b) A a> 23 0%0%p%- 


Les domaines des espaces oti les tenseurs Ro‘, et Az» ont la forme donnée par 
(7a), (7b) sont de caractére semblable aux espaces 4 deux dimensions. 


1. Interprétation géométrique du scalaire de courbure et du scalaire principal 
de l’espace 4 n dimensions. Considérons le scalaire de courbure ® et le scalaire 
principal $ d’un espace finslérien 4 m dimensions le long de la courbe 
(8) x* = x*(s) oe = ee n). 


Le paramétre s est comme d’ordinaire la longueur mesurée sur la courbe (8). 
On a alors: 


‘ , dx‘ 
(9) F(x,x) = 1, x‘=—, 
ds 
D’aprés (9), le long de la courbe (8), les formules de R et de § sont les suivantes: 
(10a) R = 47°Ro'noill’p® — Mp’), 
(10b) J2=- br°A inp'p’p’, 


ou p; est le vecteur d’Euler (cf. l’équation (5)), et le scalaire 1/r est la longueur 
du vecteur p;. 


1 p** est désigné dans [5] par o°. 


(11 


On 


ou 
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Nous aurons, d’aprés (5), pour le vecteur p, l’'expression 


11 OF oF "4 oF 

(11) ‘i megs fae yma 
Ox’? Ax’ 

On a, en vertu de la formule de Frenet, l’équation suivante: 


t 


(12) Dx‘ = S. + Cy'yx fd *® + Tye “dx* = xn", 


~ ds 


ou «x est la courbure de la courbe (8) et 9‘ est le vecteur normal principal de (8). 
Les termes C,*, x’4x’* et T';‘,x’4x"* ont la valeur [6]: 


(13a) Cy‘ *x"* = 0, 
(13b) ry‘ x ’x* = 2G*, 
ou 
sf rif . 1 oF a ar) 

( = J os I, = — 7 x = —— se Fs 
14) G g C ( (oF ae x ax 
Nous aurons alors d’aprés (12), étant donné (13a) et (13b), 

» dx ss i vi 
(is = 2s = «K _ - 

15) ds x Kn 2¢ 


A cause de la homogénéité de G‘ on a encore [6]: 
~f ° 
2G° = —jx 
c 
La définition du tenseur métrique nous donne I’expression: 


a°F OF aF 
— oe em Bm 
Ox" Ox Ox’ Ox 





ou, a l’aide de (9), le long de la courbe (8) nous aurons 


a°F ( a) 
16 ————s = g,, — bf, J, a aay be 
(16) ax'axt 4 se Ox’ 
Nous avons encore la formule: 
1 oF "yj a’F "4 1 OF @aF "yj 
ies ewer E, leniiewwr bowen £3 —-— — Xx 
2F ax’ ax’ Ox’ Ax’ F ax’ ax’ 


- OF 39,_1 OF ,_ OF), 
(17) ax’ ax" ~ 2 dx’ dx’ a tt : 
n OF ry 
(17a) ax’ = l, x’ =|’ 


Nous pouvons maintenant exprimer p,; de l’équation (11) d’aprés (15), (16) et 
(17) sous la forme: 





J 
, 
. 
‘ 
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7 F 3’ 2 is ey + 
(18) py = (2 - Ser :’) + 25 - (giy — lls) (xn? — 2G’). 


2\ ax" x’ Ax" dx’ * 
Le vecteur /, est le vecteur tangent a la courbe (8). 
oF 
ox” 


l,= 


sont les composantes covariantes du vecteur tangent. Comme nous I’avons déja 
remarqué, 7’ est le vecteur normal principal de la courbe. Nous aurons par 
conséquent: 
j 
(19) lm’ = 0. 
L’équation (18) nous donne le vecteur p; d’aprés (14) et (19) sous la forme: 
OF 


20) ,= 
( p Ox’ 


Ld? — «ni — 2G'1d;. 
Calculons maintenant le terme 2G//,/;. D’aprés (14) on a 
if/.aF . oF’ , 
2G/1d; = 264’ = ( —x* — +") 
Gild,; = 2Gg¢d 270 x ant * l, 
et a l'aide de (9) et (17a), 
oF 


j —— .# Rime oF j 
(21) 2G y = Sal d* = Gd’. 


Les équations (20) et (21) nous donnent 


(22) pi = — KN. 


Le vecteur 7, étant un vecteur unitaire, la longueur du vecteur p; sera 
d’aprés (22): 
1 t 
(23) Y(p ) = /p pi = kK. 
Le scalaire r dans les expressions (10a), (10b) est alors, d’aprés (6a) et (23), le 
rayon de courbure de la courbe (8), 


(24) yg = 1/«. 
La formule de Frenet: 
w' = Dx‘ = KN 
nous donne d’aprés les équations (22) et (24), 
(25) o = —w = —*- /f. 


Donc w‘ est la différentielle absolue du vecteur x’'. 

On peut maintenant exprimer les scalaires ft et $ d’aprés (10a) et (10b) a l'aide 
de l’équation (25) par le vecteur normal unitaire ou par la différentielle absolue 
du vecteur /‘ = x’‘ sous la forme 


(26) R = Ro‘ ani (l’n — ln’) a ar Ro‘ yw; (I = lw’), 


le: 
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» 1 ijk 1 3 ae 
(27) 3 = 2Acan ann = 27 Ainwwe. 
Dans l'espace 4 deux dimensions le vecteur 9‘ ne dépend que du vecteur /‘ = x’'; 
n' est alors dans ce cas une fonction de (x, x’). Dans l’espace A nm dimensions 
(n > 2), n‘ dépend non seulement de I’élément d’appui, mais aussi de la courbe 


x* = x‘(s) (¢ = 1,2,...,2). 


C’est qu'une courbe 4 deux dimensions n’a qu'un vecteur normal, et ce vecteur 
dépend alors du vecteur /'. 


2. Les invariants ® et § dans l’espace a trois dimensions. Dans cette partie, 
nous considérerons les tenseurs A ;» et Ro‘ dans l'espace finslérien A trois di- 
mensions. D’abord nous allons construire les vecteurs (.)4, d'un triédre. On aura 
alors [4]: 


k k 
(28a) (Mitt = 5; jis Fm s 
. t 
(28b) , @4i gt = 5.8 
«#' (¢ = 1, 2, 3) sont les composantes contravariantes et (.)u; les composantes 


covariantes des vecteurs ¢)u. 
On voit facilement que 


(29) l'pt = 0, 
ou 
(29a) pt = rpi, r = 1/¥(p,) 


(cf. (6a)). Le vecteur pt est un vecteur unitaire, parce qu'on a d’aprés (29a): 
t a a, 
¥(p*") =rv/g Pie = TX (p,) = 1. 
° 9 ! . . 

Désignons par g le déterminant ‘gal; les fonctions + +/g constituent un 

tenseur : 
/ 

(30) €123 = V2; Cig = — Efe; €igzn = — Csns; €rrs = 0. 
Toutes les composantes du tenseur ¢ sont définies par les formules (30). On voit 
facilement que €; est un tenseur. On peut toujours exprimer gq sous la forme: 
(31) Rik = (a)Mi (a)Me- 


On a alors d’aprés (31), 


9 


| 
211 Zi2 £13 | (D1 (#2 (Des | 
g = | ga Ze2 223 | = | 
| | 
231 £32 £33 | (sya (a)M2 (aya 


(2) 1 (2)K2 (2)6@3 | - 


+ +/g est donc un tenseur de Pliicker [4]. 


Les composantes contravariantes du tenseur ¢ sont les suivantes: 


ret ri_sj 


1 
€ tO o eiz = gi BriBssB atin 








' 
: 
‘ 
’ 
; 
.] 
8 
8 
s 
3 
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ott Bz, est le déterminant complémentaire de gn. dans |g «|. D’aprés l’identité 


(Fi (DK (De 
ein = +\/¢g = | (M4 (My (2M | 


(Mi (DBs (DERE 
nous aurons: 


1 |B; (Dee B,; (DK Ba (1) Bu Bu Ba (Ma (He (apis | 

rst | | | 

iat Bs (ns Bay py Bax cre = 43| Be BaBs | ~ | (1 (22 (apis |. 
! B,,; (aKa By; (3)Be Bw (3)Mk By BysB (3)#1 (3)M2 (3)K3 


Sir = 1, s = 2, ¢t = 3, nous aurons 


Bu Bie Bi 
| By Bu Bo; = g 
. ° Bs; Bs. Bs 
et ainsi 
(32) al = 1/V/z, 
(32a) oF a —*. oF wa —_*. fT = 0, 


L’identité suivante 
k sick _ pik 
(33) €€irs = 576, — 536; 
nous permet de vérifier les équations: 


(34) o*‘ot = 1, of I, = o* ‘pt = 0, 


ou 


Si l’on prend 

(35) whi = li, (274i = p', (37)hi = of, 

les vecteurs /, p* et o* satisfont les équations (28b), et en vertu d'un résultat 
connu du calcul des tenseurs [4, I §4], ils satisfont aussi I’équation (28a). 

On peut donc réaliser le long d’une courbe, par les vecteurs /, p*, o* et par 
quelques scalaires, tous les tenseurs de l’espace 4 trois dimensions. Nous aurons 
pour le tenseur Ro‘ » la formule: 

i 
(36) Ro ine R (ryt (s)F 3 (DBR 
(rst 


rst) 


Les fonctions ® sont des scalaires. D’aprés une contraction par (ui, qe’, 
(rst) 


com", il résulte de l’équation (36) a l’aide de (28b): 
(36a) RK = Ro‘ (a)Hi coy? (om » 


(abe) 
Pour le tenseur métrique g% on a le long de la courbe (8) la formule 


Za = @ (nF i (Be 
(rs) 
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et d’aprés une contraction basée sur (28b) nous aurons 


t k 
G = Zi en (eH = Sap, 
(ab) 
et alors 
ga = Lid, + ppt + o*o*.. 
On a l’identité 
Ro al = 0, 
et nous aurons d’aprés (36a): 
(37) RK = Ro sl; coe ‘om = (). 
(lbde) 
Le tenseur Ro‘ », est antisymétrique par rapport a ses deux derniers indices. I en 
résulte: 


~” t J x 
(37a) R= — Ror wei wr cow = — VR. 


(abe) (acd) 


D’aprés les équations (35), (37) et (37a), il résulte de (36): 


(38) Ro'~ = Rot (lt — heh) +Rpr'(leot — hot) 
(212) (213) 


i 
+ Rp*'(p%o% — pio®) + Ro* (lat — lp%) 
(223) (312) 
+ Rot (10% _ l.o*) + Rot *(p*ot— pto%). 
(313) (323) 
Supposons maintenant que: 
(39) Ro‘ n(l’o** = l*g*’) = Ro‘ »(p*’o** — p**c*’) = Ro‘ »0% = (). 


On a alors d’aprés (36a) et (37a), 


‘ t 
2R p*’ = 2Rp** = R uy me = O (a, b = 1, 2, 3). 
(213) (223) (3ad) 
et pour le tenseur Ro‘ »: 
(40) Ro‘ n = Ro**(Lyt — lp’). 
(212) 


Dans ce cas, le tenseur Ro‘, aura la méme forme que dans l’espace A deux 
j I 
dimensions. 
Calculons maintenant le tenseur de torsion A ;. Le tenseur A ;» aura la forme: 


(41) Ain = 3 wri (My (OMe- 


(rst) 


Aprés une contraction par qu‘, «pu? et ;.u* il résulte de (41), étant donné (28b), 
] ( B 


(42) Fi A ijk (at cot? (ois 
abe 
A cause de l'homogénéité du premier degré par rapport aux x’! de la fonction 
fondamentale F(x, x’) (cf. l’équation (3)) et d’aprés 
F @F F ag; 


= Ain = ¢ SphaxTax* ~ 2 
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il résulte que 


(44) A ipl" = A,»l’ = Ail = 0, 
et que le tenseur A ; est symétrique par rapport A ses indices; c’est a dire: 
(45) Ain = Ajax = Aaj =.... 


Si l'on prend, comme précédemment pour ,4 le tenseur /, alors 
‘ i 
(si = l,, (De = l, 


et on aura pour les scalaires § d’aprés (44) et (42): 
( ) 


abc 
(46) J=J=3=0. 
(lbe) (ale) (e@d1) 

Nous démontrerons encore que 3 est symétrique par rapport A a, b, c. C'est 

’ ’ s (abe) 
qu’on a d’aprés (45), 

- i j k | J k j t k 
(47) J= Ain @H MH (jk = A ju @H @K (ok = A sx @H @H (ok = 3 


(abe) (bac) 


Par une conséquence analogue on a de méme: 
- i .. we 
(48) J=A tkj(@H (oF (kh = J 
(ade) (acd) 


D’aprés (46)—(48) l’équation (41) nous donne pour A; en vertu de (35), 


(49) Aix = Serotet + So*e%et + ptotpt + o%ptpt) 
+ S(o%otot + o%ptot + ctot%pt) + Ietr%ot. 
(233) (333) 
Supposons maintenant que 
(50) Aino™ = 0. 
Il résulte de (50) que le tenseur A, aura la forme: 
(51 ) A m= Sp*o%et, 
car d’aprés (42) ona at 
$=F3=3 = Aig wu’ wn’ o* =0 (a, b = 1, 2, 3). 


(@d3) (a3) (3ad) 


Dans un ensemble de l’espace od |’équation (50) existe, le tenseur de torsion 
A ;m,a la méme forme que dans un espace a deux dimensions. Si le scalaire ¥ est 
nul le long de toutes les courbes de I’ensemble on a d’aprés (51) et (42), “” 

A ijk = 0, 
et d’aprés (43), 
1 2 n 
Se © Gale SE 5000 ¢% bs 
L’ensemble est alors un espace riemannien. 

De la méme fagon, il résulte de I’équation (40) que si le scalaire ® est nul le 
long de toutes ies courbes de l’espace, le tenseur contracté de courbure est 
aussi nul: 

Ro» = 0. 
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Dans ces espaces, il existe donc un parallélisme absolu des éléments linéaires [6]. 

Les équations (39) et (50) nous donnent une condition suffisante pour que les 
tenseurs Ro‘ » et A: aient la méme forme que dans un espace a deux dimensions, 
mais ces conditions ne sont pas nécessaires. Les conditions nécessaires et suffi- 
santes ont une forme plus compliquée que les conditions données. Elles ont la 
forme suivante, d’aprés (38) et (49): 


(52) Re* "(lot — Lo*) + Ro* (ojo? — pos) + Ro* (1p — hp’) 


(213) (312) 
+ Ro* “(lot — l,o%) + Ro* (ptoF— ptot) = 0, 
(313) (323) 
(53) S(e%p%ot + prot ot + o%p%et) + B(e%ctot + o%p*ot + o%o%pt) 
(223) (233) 
+ Yo%o%ot = 0. 
(333) 


L’équation (52) résulte de l’équation (39) et le tenseur de courbure aura alors 
la forme (40). De méme, de I'équation (50) nous aurons (53). Le tenseur de 
torsion A ;» aura alors la forme (51). Mais on ne peut conclure de I’existence des 
équations (52) et (53) a celle de (39) et de (50). 

Nous voulons encore remarquer que tous les invariants et tous les tenseurs 
considérés dépendent de la courbe (8) (cf. l’introduction), car le vecteur p,;, ou 
p*, est une fonction de x’’* (cf. les équations (11) et (29a)). Ces invariants et ces 
tenseurs ne caractérisent l’espace que le long de la courbe (8). Si l’élément fonda- 
mental de l’espace était |’élément linéaire d’ordre deux (x, x’, x’’), comme p.e. 
dans un espace de Kawaguchi, nous pensons qu’on pourrait obtenir des invari- 
ants de l’espace par une considération analogue, car le triédre /‘, p*‘, o* ‘ dépend de 
élément fondamental (x, x’, x’’) et le triédre sera défini dans tous les éléments 
fondamentanx de l’espace, et non pas seulement le long de la courbe (8). En ce 
cas la fonction fondamentale a la forme: 


ds = F(x,x,x )dt 


et naturellement /‘, p‘, o‘ ont une autre forme, que dans l’espace dont I'élément 
fondamental est (x, x’); p.e. 
d 


" 
pi = Fy — a + ape 
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A CLOSURE CRITERION FOR ORTHOGONAL 
FUNCTIONS 


ROSS E. GRAVES 


1. Introduction. In this paper we give a simple, necessary, and sufficient 
condition for a sequence of orthogonal functions to be closed in L». In theory the 
question of closure is reduced to the evaluation of certain integrals and the 


summation of an infinite series whose terms depend only upon the index n. 
Our principal result is 


THeoreM I. Let p(t) be a function whose zeros and discontinuities have Jordan 
content zero, such that for each x € (a,b), p(t) € Leon min (c, x) < t < max (c, x), 


where a < c < b. (a, b, and c may be infinite.) Let w (x) be a measurable function 
almost everywhere finite and positive, and such that 


w(x) | p(t) | %dt EL, 


on (a,b). Then for any family of functions {¢,} orthogonal and normal on (a, b). 


Cs b z 2 o| fz | 
(1.1) > | || peacoat w(x )dx <| \p(t) | "dt w(x)dx, 
n=l JaiJec a c 


where equality holds if and only if \¢,} is closed in Lz on (a, b). 


The insertion of the functions p(t) and w(x) serves two purposes. First, it 
enables us to deal with the case where the interval (a, 5) is infinite, and second, 
proper choice of these functions greatly facilitates the calculation of the integrals 
involved and the summation of the series on the left side of (1.1). 

Several special cases of Theorem I were published by Dalzell [2, 3]. Inasmuch 
as Dalzell’s results were stated only for special cases and under rather stringent 
hypotheses, it seemed desirable to publish the criterion in the above general 
form in which it was rediscovered by the author. 

Actually Theorem | is a special case of a more general result. Before stating 
this result, it is necessary to attend to certain matters of notation. Note that we 
distinguish carefully between open intervals (a, b) and closed intervals [a, 5]. 
The distinction is necessary in order that the statements and proofs should be 
valid for both finite and infinite intervals. We use |a, b| to denote the open inter- 
val min (a, b) < x < max (a, 6), while xg(x) is the characteristic function of the 
set E and ||f|| is the L2 norm of f. 


Definition 1.1. ®,,» is the class of measurable functions w(x) which are positive 
and finite almost everywhere on (a, d). 
Received November 20, 1950. 
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Definition 1.2. Ba,»°, where c € [a, bd], is the class of measurable functions p(t) 
on (a, 6) such that 

A. For each x € (a, db), p(t) € Leon le, x). 

B. The class of functions of the form 


T 


(1.2) fi) = Lierb(t) xia,» (t); dy, by € (a, b), 


is dense in Lz on the interval (a, bd). 
We are now in a position to state the generalization of Theorem I: 


THEOREM II. Let p(t) € Bo.o° and w(x) € We.» be such that 


w(x) lpa)| ately 


on (a, b), and let {¢,} be a family of orthonormal functions on (a, b). Then 


wo fd| fz }2 b 
(1.3) : | || pmentoa w(x)dx < | 


} 
n=l | 


: | 
| p(t) |*dt| w(x)dx, 





where equality holds if and only if {¢,} is closed' in Lz on (a, b). 


The fact that condition B of Definition 1.2 is not nearly as restrictive as it 
appears is a consequence of the next theorem: 


TuHeoremM III. Let p(t) be a function whose discontinuities and zeros are of 
Jordan content zero. Then the class of functions of the form 


m 


fQ) = DL av) xe,» (0): dx, b, € (a,b), 


k=l 
is dense in L» on the interval (a, b). 

Theorem I is, of course, an immediate corollary of Theorems II and III. We 
devote §§2 and 3 to the proofs of these theorems, while in §4 we apply Theorem I 
to establish the closure of the Hermite functions. For further applications see 
Dalzell (2; 3], where the method is used to prove closure of the trigonometric, 


Legendre, Jacobi, and Laguerre functions, and also for Dini’s series in the theory 
of Bessel functions. 


2. Proof of Theorem II. We first establish the inequality (1.3). Except at 
most for a matter of sign, 


is the mth orthogonal coefficient of 


P(t) xjc.2\(t). 


‘It will be seen from the proof that, if {@,} is closed in L: on (a, b), then the equality holds 
in (1.3) even without the restriction that the functions of the form (1.2) be dense in L,; on (a, 5). 
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? 
By Bessel’s inequality we have 
~ ) Sa eesiee |? _— |? == s 
(2.1) ys [> o,(t)dt| < | | P(t) xie2)(t)| dt = I p(t) |*dt 
n=1 c a ive 
whence 
ao | al eae | 2 a x 
2. | 50 on (t)dt| w(x) <) | |p(t)|*dt| w(x). 
(2.2) n=l iJdec c 
Integration of (2.2) yields 
~ b| [— “Tips aoe |2 fol fz_ 
(2.3) pe | || P(t) dalt)dt| w(x)dx < | | |p (t)| “dt | w(x)dx, 
n=l Ja! J € a ¢c 
which is equivalent to (1.3). 

In case {¢,} is closed in Lz on (a, b), the equalities hold in (2.1), (2.2), and 
(2.3), and hence equality holds in (1.3). 

Suppose now that equality holds in (1.3), and thus in (2.3). Then equality 
must hold almost everywhere in (2.2), and hence almost everywhere in (2.1); 
that is, for almost all x’s Parseval’s equality holds for the functions 

P(t) xjc.2)(t), 
and in particular for a set of x’s dense in (a, 6). We conclude at once that {¢,} j 
is closed with respect to all functions of the form 

p(t)x e246); 
thus {¢,} is closed with respect to all functions of the form 
(2.4) f(t) = > Cub (t) x¢as.v.) (t); ay, b, € (a,b). 

k=l 
But 

pit) € B, »” 
implies that 

p(t) €PBa.r’ 
Since by this remark the functions of the form (2.4) are dense in Lo, the Ls 
closure of {¢,} follows immediately. , 

3. Proof of Theorem III. As the class of step functions vanishing outside 
a finite interval is dense in L2 and as every such function is a linear combination . 
of characteristic functions of finite intervals, it will suffice to show that the 
characteristic function of a finite interval can be approximated arbitrarily closely 
in norm by functions of the form (1.2). Since the set of zeros and discontinuities 4 
of p(t) can be covered by a finite number of intervals of arbitrarily small total 
measure, it will certainly suffice to show that we can approximate x 24) (¢) 
arbitrarily closely in ZL, norm by functions of the form (1.2), where [a,8] is a , 


finite interval which contains no zeros or discontinuities of p(t). 
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Let « > 0 be given, let m be the minimum of | p(?)| on [a,8], and let 6 > 0 be 
chosen so that the oscillation of p(t) on every subinterval of [a,8] whose length 
does not exceed 6 is less than em(8 — a)~!. Let 


a=t<ch<...<h = 8B 


be a partition of [a,8] whose norm does not exceed 6. For ¢ € [t,_,,4.] we have 
P(r) — p(t)| < em(8 — a)", whence 


p(t) 
3.1 — —— ~ : ~1, tel. 
(3.1) 1 plt,)| ~ * 8 a,.% LE [te-a, &] 
Define 

n p (t) 
a2 f(t) = Raho g 8, (f). 
(3.2) ft) 2 its) 
We see from (3.1) and (3.2) that, for ¢ € (t,-1,¢;), 
pit) i 
(3.3) (e y(t) — t = _— 4 ’ 
Xie, a(t) — f(t) 1 b(t <«(B — a) 


while both f(#) and x,,8)(t) vanish outside of (a,8). From this last remark and 
(3.3) we have ||x,e,8) — f|| < €, as was to be proved. 


4. Closure of the Hermite functions. The normalized Hermite functions 
'd,} are defined as 


(4.1) on (x) = (9 'n!2") eH, (x) (mn = 0,1,2,...), 
where the Hermite polynominals 77, (x) are given by 
(4.2) H,(x) = (— 1)"e 


We will use the facts that [1, pp. 77-79; 4, pp. 143-144] 


! 
(4.3) H:2,(0) = (— 1-22) Hoii(0)=0 (n=0,1,2,...) 
and 
(4.4) H,(x) = 2nH,—1(x) (m = 1,2,...). 


To establish the closure of the Hermite functions, we choose p(t) = exp {42°}, 
w(x) = exp { — 2x?}. According to Theorem I, the closure is equivalent to the 


equality 
ow 1 x z 2 ‘nis ( ¥ . ai 
> = H,(t)dt | e~*"dx = 2| | | edt \e~**’dx. 
au n'2 -_ 0 Je J0 


A transformation to polar coordinates and an elementary integration yield 


fo z 
2| il ody |e ax = 2 log (1 + 2!), 
0 


0 
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so that if we set 


. o z 2 a - " es 
on (2n)*| [ [zmserae |e de (ms = 1,2,...), 
—a0 0 


it remains only to show that 


5 } a inne OU ) 
o) > x'n!2"(2n +2)? * log (1 + 2’). 


Use of (4.4) yields 


J, = | Hi(x)e"" dx — 211,(0)| Hy (xe dx + H0)| e "dx. 


J 


Upon integrating by parts times and using (4.2) we obtain 
a 2 2z* te a” —z* ; n . —2z* 
H,(x)e"~ dx = — e dx = (— 1) Ha (x)e~* dx, 
aie J —~dx ‘ 
from which 


; 
(4.6) Jn = (— 1)"Io, — 2H, (0) In + (a) (0), 


where we have written 


I, = | H,(x)e~*"" dx 
We have 
- ae [7 Py om z os a" [ ng? (s+ é | 
(4.7) I, = ee é’ dx = f- }. dx 7m 


: . a oe 
J Disa 
[(w) Sere] = (ie) uran! 
dt t—0 n'2 
while, as H2,.1(x) is an odd function, 
(4.8) Tone = (). 


Use of (4.3), (4.6), (4.7), and (4.8) yields after some reductions 


— 

(4.9) u 3'n'!2"(2n + 2)° 

_snJ3& (1/2)(3/2) ... (mn — 4) _ & (1/2)(3/2)... (W — 4) al 
2 7 (n!)n > (n!)n (3) f 


= 3x1) - xq}, 


n=1 


where we have set 
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The series defining K(a) converges absolutely for |a| < 1, and for |a| < 1, 


[. 1 & (1/2)(3/2)... (n — 4) 


eX Sah n! 


i 
fla x) 1 |} dx = 2 log it Gna) } 


It follows from (4.10) that 


(4.10 K(a) 


x"dx 


(4.11) 243 K (1) — ay = 2 log(1 + 2°). 


From (4.9) and (4.11) we obtain (4.5), and the closure of the Hermite functions 
is established. 
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ON SURFACES WHOSE CANONICAL SYSTEM 
IS HYPERELLIPTIC 


PATRICK DU VAL 


1. Generalities. On a surface F of genus p, = p, = p and linear genus 
p© = n + 1 whose canonical system is irreducible, and which we shall ordinarily 
think of as simple and free from exceptional curves, the characteristic series of 
the canonical system is a semicanonical g,”~*, since the adjoint system of the 
canonical system is its double, so that the canonical series on a curve of the 
canonical system is its characteristic series doubled. This is in general free from 
fixed points, so that the actual grade of the canonical system is n, and the 
canonical model of the surface is of order m in [p — 1] (by which we indicate 
space of » — 1 dimensions). The bicanonical model is a surface of order 4m in 
[P: — 1] where, by a formula derived from the Riemann-Roch theorem (9, p.159), 


P,—1>fp+p"—-1=n+p. 


Equality will hold in general, and we shall shortly see that it holds in all cases 
we are going to discuss. 

On a hyperelliptic curve of genus m + 1 however, every semicanonical g,?-* 
consists of » — 2 variable pairs of the unique g.' on the curve together with 
n — 2p + 4 fixed points, which are a subset of the 2” + 4 jacobian points of 
the g2'; for since any two sets of the series together form a canonical set, con- 
sisting of » — 1 pairs of the g,', the variable part of the series must consist of 
whole pairs of g2' and each fixed point must be a half pair, i.e., a jacobian point. 
As an obvious corollary, n > 2p — 4, that is, 


p” > 2» — 3, 
which is a classical formula (9, p.294). 

Hence if the general curve of the canonical system on F is irreducible and 
hyperelliptic, the canonical system has nm — 2p + 4 unassigned base points at 
simple points of F, and its actual grade is 2p — 4. As the projective model of 
g,’* is a double normal rational curve of order p — 2, the canonical model of 
the surface is a double surface of order » — 2 in [p — 1] with rational hyperplane 
sections, i.e.,' either a normal rational ruled surface or (for » = 6 only) the 
Veronese surface V2*. We shall denote the ruled surface by R,?-?; for p = 3, of 
course, it is a plane, and for » = 2 it can hardly be held to exist. On V2‘ or 
R?~* the n — 2p + 4 base points P; of the canonical system appear as ex- 
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1For standard properties of rational surfaces reference may be made to (3); for the present 
result, pp. 271 ff., 298. 
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ceptional lines A; (¢ = 1,..., m — 2p + 4) which, moreover, are constituents 
of the branch curve of the double surface, since each P, is a jacobian point of 
the g2' on each curve of the canonical system, i.e., contributes a branch point 
to the general hyperplane section of the double surface; and as the general 
hyperplane section has 2m + 4 branch points altogether, there is a residual 
branch curve® of order n + 2. We note as an obvious corollary that if for 
p = 6 the canonical model is the double Veronese surface, we must have n = 8, 
i.e., p™ = 9, its lowest value for p = 6, since there are no lines on the surface; 
in this case the branch curve is of order 20, and the surface is equivalent to a 
double plane with general branch curve of order 10 (see exceptional case (i) 
below). 

The bicanonical model is a double rational surface @” on which the base 
points P, appear as points, since the bicanonical system traces on each curve of 
the canonical system its canonical series, compounded with g,', and has no base 
points at P;. The projection of @” from these points is a surface ¥“”~*, pro- 
jective model of the system of all quadric sections of R/~* (or of all conics in 
the plane for p = 2). The ambient space of this latter is [3p — 4], as the freedom 
of quadrics in the ambient of R,?-* is $(p — 1)(p + 2), and R,?-* is itself the 
intersection of 4$(p — 2)(p — 3) linearly independent quadrics, its equations 
being the vanishing of all quadratic minors in a matrix of 2 rows and p — 2 
columns whose elements are linear in the coordinates. The projections of the 
points P, are the images of the lines A,, i.e., they are conics S;, so that the 
points P, are isolated branch points at conical nodes of @”; on F, all curves 
of the bicanonical system that pass through a point P, have a double point 
there. &” also has a branch curve of order 2m + 4p not passing through the 
points P,;, which projects into a curve of the same order on ¥“-*, image of 
f***?, the residual branch curve of the double R,?-*. Since the bicanonical system 
is of genus* 3m + 1, and consists of doubled hyperplane sections of ®” with 
2n + 4p branch points, the section genus x of ©™ is given by 


3n = 2(e — 1) + $(2n + 4p), 
that is, 


r=n—pt+il. 


The general hyperplane section of @™ is a curve of order 2m and genus 7, non- 
special since 2n > 2x — 2, and its ambient is therefore of dimensions at most 
2n — x = n+ p — 1; but we have seen that the ambient of ©” is of dimensions 
at least n + p, consequently &™ is in [m + p] precisely. A further consequence 
of this is that, as the difference in dimensions between the ambients of ©” and 
v*-* is just n — 2p + 4, the n — 2p + 4 points P,, from which the former is 
projected into the latter, are all linearly independent, i.e., their join Q is an 
[n — 2p + 3] precisely; and further, as the difference in the order of the two 





*The cases n = 2p — 4 are briefly treated by Enriques (9, p. 296). His case (II) is our 
exceptional case (i) (p = 7 is a misprint for p = 6). 
*See the formulae for the genera of the bicanonical system in (9, p. 61) putting pY = mn + 1. 
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surfaces is just 2(m — 2p + 4), 2 does not meet &™ except in the double points 
} ene Ponto 

The lines \; on R,?-* and conics S; on ¥*~* are thus of virtual grade — 2 with 
respect to the base points of the system |¢| which represents, on either surface, 
the hyperplane sections of @"; they are fundamental to |¢|, and also have no 
intersections outside of these base points either with each other or with the 
residual branch curve. They satisfy |¢| = w+ >A,|, where |y| represents the 
quadric sections of R,’~*, or hyperplane sections of ¥“~*. 

An s-ple base point A of |¢| on ¥*-* arises in projection from a curve a‘ of 
order s on ®*; a* cannot have a multiple point at any P, since its multiplicity 
at P, is equal to that of S,, an irreducible conic, in A. a* thus passes simply 
through precisely s of the points P;, say 


Paperag te 


and the corresponding conics S; intersect in A; the corresponding s lines \, 
meet in the image of A on R,?-*. which we may likewise call A. These s points 
P,, are joined to A by an [s] which is properly the ambient of a‘ since the latter 
passes through these s points and is not contained in the [s — 1] joining them; 
a* is thus a rational curve. 

If A is a simple point of ¥~*, that is, of R~*, a is of virtual grade —1 on 
#*, and the corresponding hyperelliptic curve on F is of virtual grade — 2, with 
respect to the points 

_, ae 


and hence of virtual grade s — 2 without regard to any base points; since the 
latter curve has s intersections with a general curve of the canonical system, its 
own canonical series is of order 2s — 2, i.e., its genus is s, and as the double a’ 
has branch points at 


Fig aegis 


it has s + 2 elsewhere, i.e., a* meets the branch curve of ©” in s + 2 points, 
and A is an (s + 2)-ple point on the residual branch curve of R-* or of ¥”-*. 
If A is a multiple point of ¥“~*, it must also be multiple on R,?-*, that is, R.”~* 
is a cone, and A is its vertex; this special case will be considered later. 

The case p = 2 is somewhat peculiar in that the canonical system is a pencil, 
its characteristic series has no variable part, there is no canonical model, and no 
surface ¥*-*. We shall find it possible however to study the bicanonical models 
in this case also. 


2. The standard case. An obviously possible arrangement of lines \,, and 
the only one possible for high values of / or n, is for them all to be generators 
of R?-*, or (for p = 3) lines of a pencil in the double plane. In this case they 
must, to be of virtual grade —2, each contain two simple base points of |¢|, say 
A2-1, Az, on A, (in addition to the vertex Ao of the pencil for » = 3, which is 
an (n — 2p + 4 = n — 2)-ple base point). The curves of |¢| are coresidual to a 


i 





its 
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quadric section of R,?~? (conic in the plane) together with m — 2p + 4 generators 
(lines of the pencil), i.e., they are curves of order m meeting each generator in 


two variable points, and having the points Ai,..., As 4:8 as simple base 
points, since each lies on just one of the lines A; The residual branch curve 
f"** has thus triple points at Aj, ..., As —s+s, and since these absorb all its 


intersections with the lines A,, it must meet each generator in six points (and 
for p = 3 have also an n-ple point at Ao). &™ is accordingly a surface with 
hyperelliptic (or elliptic or rational) hyperplane sections of genus r = n — p + 1, 
belonging to the series studied classically by Castelnuovo (1; 3, p.464), but 
special in having » — 2p + 4 conical nodes. In particular, for n = 2p — 4, 
#* coincides with ¥“~* and is the projective model of all quadric sections of 
R?-*, its section genus being = p — 3 and its order 4p — 8 = 4r + 4, the 
highest possible for surfaces with hyperelliptic sections of this genus (9, p. 296, 
Case III). For p = 3, = 2, this gives the Veronese surface with 16-ic branch 
curve, corresponding to the familiar canonical double plane with octavic branch 
curve (9, p.311;,p.296, Case I), and for p = 4, m = 4, the supernormal octavic 
del Pezzo surface (on which are no lines, and two pencils of conics) with 24-ic 
branch curve, corresponding to the canonical double quadric surface branching 
along a general sextic section (9, p.270). 

* has on it a pencil of conics, corresponding to the generators of R,’~* (or 
to the lines of the pencil), which trace on each hyperplane section its quadratic 
involution, and the pencil is accordingly unique for » > 2. The planes of these 
conics generate a rational threefold R;"*?-?, normal because the surface ?" on 
it is normal and is obviously not coresidual to a hyperplane section or any part 
of one (the hyperplane sections of R; being rational ruled surfaces), and hence 
of order n + p — 2, since it is in [m + p], and R;* is normal ins + 2. * is the 
residual section of R;"*?-* by a quadric through 2p — 4 of these planes, since 
every surface on R;’ which meets the general plane in a #-ic curve is coresidual 
to a t-ic section plus or minus a suitable number of planes to make its order 
right. In the same way, since the branch curve of 6” meets each conic of the 
pencil in six points, passes through none of the nodes, and is of order 2m + 4p, 
it is the residual section of ” by a cubic through 2(m — ») = 2(m — 1) conics. 
If e = 1, 6* is a del Pezzo surface, on which the pencil of conics is not unique, 
and the branch curve is a complete cubic section not residual to any conics; the 
values n = p = 4, 3, 2 respectively give for @”, the supernormal del Pezzo 
surface of order 8 just referred to, that of order 6 with a double point which is 
not base point of any pencil of conics on the surface (represented on a plane by 
cubics with three colinear base points) and that of order 4 with two double 
points, intersection of two quadrics in [4] one of which is a cone with line vertex. 
The first and last of these are mentioned by Enriques (9, pp. 270, 314); the other 
corresponds to a canonical double plane whose branch curve consists of a line \ 
together with a curve of order 9 with three triple points Ao, A1, A2 lying in X. 
If x = 0 of course the pencil of conics is replaced by a larger system, and the 
branch curve is coresidual to a cubic section together with two conics. The only 
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possible cases are p = 3, n = 2, which gives the double Veronese surface above, 
with 16-ic branch curve and p = 2, m = 1, which gives a double quadric cone 
in [3], branching along a general quintic section and having an isolated branch 
point at its vertex (9, p. 304). 

It is worth remarking that the surfaces ©” of section genus 7 (m < 2x + 2) 
with m — 2p + 4 = 2x + 2 — nconical nodes fall into a sequence for diminish- 
ing values of m, in which each is the projection of the preceeding one from a 
tangent line, i.e., is obtained from it by imposing two simple base points, say 
X,, X2 on the hyperplane sections, of which X- is in the neighbourhood of X. 
This gives on the projected surface a new conical node corresponding to the 
neighbourhood of X,, through which pass two lines, one corresponding to the 
neighbourhood of X2, and the other to that conic of the pencil on the original 
surface which passes through X,, the two together forming a degenerate conic 
of the pencil on the new surface. At the same time, for the double surface to be 
bicanonical, the branch curve must have triple points at X,, Xe, i.e., what 
Enriques calls a [3,3] point. In fact, applying, as we evidently can, Enriques’ 
study (9, pp. 77-79) of the behaviour of the canonical and bicanonical curves at 
singular points of the branch curve of a double plane to a general point of any 
double surface, we see that if any double surface = has a branch curve variable in 
a linear system, as long as the branch curve acquires no extra singularity, the 
canonical and bicanonical models remain unchanged, except of course for the 
variation of the branch curve. But when the branch curve acquires a new [3,3] 
point X,,X2, the canonical system acquires a simple base point at X, and the 
bicanonical system a [1,1] point, i.e., simple base points at both X, and X2. 
The new canonical model is thus the projection of the old from a point, and the 
new bicanonical model is the projection of the old from the tangent line X, X2. 
On the canonical model the line arising from the neighbourhood of X; is a con- 
stituent of the branch curve, and the residual branch curve has a triple point at 
X, on this line. On the bicanonical model the node arising from the neighbour- 
hood of X;, is an isolated branch point, and the line arising from the neighbour- 
hood of X; is not part of the branch curve but meets the branch curve in three 
points distinct from the node. When, as in the present case, there is a conic on 
> passing through X, and meeting the branch curve in six (or more generally 
in s) points, the line arising from this meets the branch curve in three (or s — 3) 
points, distinct from the node. There is thus unit diminution both in the genus 
of the surface and in its linear genus (since by the coincidence of three of its 
branch points in X, the general curve of the canonical system effectively loses 
two of them). To sum up, by projecting a bicanonical surface #” of genus p 
from a tangent line, we obtain a bicanonical surface @*"—” of genus p — 1, pro- 
vided that the branch curve is at the same time so specialized that the virtual 
difference between the branch curve and a complete cubic section of #*"—" is 
the projection of the similarly defined system on ™”. For, the hyperplane 
sections of 6*—» are represented on 2 by the same system as those of 6", with 
the imposition of the [1,1] base point, and thus the cubic sections of 6*-" are 
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represented by the same system as those of @", with the imposition of a [3,3] 
point. Since the branch curve simultaneously acquires the same singularity, 
their virtual difference is unchanged. 

Hitherto, we have tacitly assumed R,?-? to be the general normal rational 
ruled surface of this order. We may now consider the possibility of its being 
one of the more special types, i.e., having a directrix (curve unisecant to its 
generators) of lower order than in the general case, or even in the extreme case 
of its being a cone. For this investigation it is convenient to map R?-* on a 
plane, as we always can, so that its hyperplane sections correspond to curves of 
order p — 1 with a (p — 2)-ple base point X, and p — 1 simple base points 
Pinens Y,-1. The generators correspond to the pencil of lines through X; thus 
the images of A2:1, Az; (which we can conveniently indicate by the same 
symbols) are collinear with X. The branch curve f**” is represented by a curve 
of order n + 26 + 6, with an (m + 2p)-ple point at X, sextuple points at 
Y,,...,¥,-1, and triple points at Ai,..., Ars—ass. With the addition of the 
n — 2p + 4 lines XA. Az, this gives a total branch curve for the double 
plane, of order 2m + 10, with a (2m + 4)-ple point at X, sextuple points at 


Y,,..., Y,-1, and quadruple points at A;,..., Ass—s+s. The virtual canonical 
system is thus‘ of order » + 2 with (m + 1)-ple base point at X, double base 
points at ¥;,..., Y,-1, and simple base points at Ai,..., Assis. The 


n — 2p + 4 lines XA2a;-1 Ax, and the p — 1 lines X Y,; (which are pairs of 
coincident exceptional lines on the double plane) have negative virtual inter- 
section numbers with this system and separate out, leaving, as we expect, the 
system representing the hyperplane sections of R,?~* 

The general R?-* has (if p is odd) a single minimum directrix of order 
4(p — 3), or (if p is even) a pencil of minimum directrices of order 4$(p — 2). 
We can give it a minimum directrix of order k < }4(p — 4) (which includes 
making the surface a cone if k = 0) by letting all but & of the points Y;,..., 
Y,-1, sav Veui,..-, Vp-1, lieona line L. If 


n+ 2p +6> 6(p — 1 — k) 


e., if nm > 4p — 12 — 6k (which, since always nm > 2p — 4, will always be the 
case if k > 4(p — 4) ), the above argument remains valid, and the minimum 
directrix plays no more special role on the surface than in the general case. If 
n < 4p — 12 — 6k the line L separates out of the branch curve f*****, giving a 
residual branch curve of order m + 2p + 5 with sextuple points at Y;,..., Y,, 
and quintuple at Vys41,..., Y,-1; thus the & lines X Y,,..., X Y; also separate 
out, leaving a curve of order m + 2 — k + 5 with an (m + 2p — k)-ple point 
at X, and quintuple points at Y;,..., 7,-:. In this case, moreover, one of each 
pair As;1, Ae;, say Ae, must be on L, and the residual branch curve then has 
triple point at A2;1 and a double point at A2;. On R,?-* the branch curve, 
besides the » — 26 + 4 exceptional generators \,;, contains the minimum di- 


‘Using again “the rules for finding the canonical system of a double plane given e.g. by 
Enriques (9. pp. 77-79). 
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rectrix as part, with residual part of order n + 2p — k; the intersection of each 
A, with the directrix is double on this residual branch curve, which has also a 
triple point elsewhere on each A;. This case is only possible however if 


n+2p—k+5>5(p—k—1)+2(n —2p + 4), 
i.e., if m < p + 4k + 2, otherwise L will separate out a second time leaving an 
effective total branch curve of order 2m + 8 with a (2m + 4)-ple point at X, so 
that the canonical system is compounded with the pencil of lines through X. 
Thus if n < 4p — 6k — 13 we must have also nm < p + 4k + 2; in particular, if 
2p —-4< p+4k+2 < 4p — 6k — 14, 

i.e., if 

i(p — 6) <k < w(3p — 16), 
there is a gap in the values of m for which the double R.?-? with minimum di- 
rectrix of order k can be a canonical surface of genus p and linear genus m + 1. 
For 

2p-—-4< ng p+ 4k+2 


and for 
n> 4p — 6k — 12 


the surface exists (the minimum directrix being a part of the branch curve in 
the former case), but for 


p+ 4k+3<n < 4p — 6k — 13 


there is no such surface. 

In particular let us consider the case k = 0, i.e., that in which R,?-? is a cone. 

For p = 4 every value of n > 2p — 4 = 4 is possible, the residual branch 
curve of order m + 8 passing » — 4 times through the vertex, and meeting each 
generator in six points, so that the total branch curve of order 2m + 4 passes 
2n — 8 times through the vertex, and a general curve passing through the vertex 
does not branch there. 

For p = 5, again every value of » > 2p — 4 is possible, but for m = 6, 7 the 
vertex is a branch point on the general curve through it; for m = 6 the branch curve 
of order 16 passes simply through the vertex and meets each generator elsewhere 
in 5 points; for m = 7 there is a single branch generator, and the residual branch 
curve of order 17 passes twice through the vertex, its two branches touching the 
branch generator (in which it has elsewhere a triple point) and meets the general 
generator in five variable points; for m > 8 there are nm — 6 branch generators, 
and the residual branch curve of order m + 10 passes n — 8 times through the 
vertex and meets each generator in six further points. 

For p = 6 we have the gap referred to above. For m = 8 the branch curve 
of order 20 is a quintic section, and there is an isolated branch point at the 
vertex; for m = 9, 10, 11 the surface does not exist; while for m > 12 the general 
curve through the vertex does not branch there, as there are m — 8 branch 
generators, and the residual branch curve of order + 12 has m — 12 branches 





| 
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through the vertex; as in the general case, it meets each generator in six points, 
and has two triple points (distinct from each other and from the vertex) in each 
of the branch generators A,;. For higher values of », the canonical surface can 
only be a cone if m > 4p — 12. 


3. The exceptional cases. It is clear that the standard case just considered, 
in which the lines A, are generators of R,~*, is the only one possible for » > 7; 
since the general R,?-* has no line on it except its generators, and even if R,?-* 
is specialized to have a directrix line, this is of grade 4 — », and cannot, by the 
imposition of any base points, be made of grade — 2 (as it must be to be a line 
\,) unless 4 — p > — 2, that is,  < 6. We shall consider the possible cases 
for values of p in descending order. 

(i) p = 6, nm = 8. In this case, as we have seen, and in this case only, the 
canonical model may be a double Veronese surface instead of a ruled surface 
R?-*. The branch curve f* is its section by a general quintic, and corresponds 
to a general curve of order 10 in the standard plane mapping of the Veronese 
surface (9, p. 296, case II). "* is thus the projective model of all quartics in 
the plane, and its branch curve f* is its residual section by a cubic through a 
rational curve of order 8, image of a conic in the plane. 

If now Ro‘ has a directrix line, this is already of grade — 2, and needs no points 
A, in it to make it so. Thus if this directrix is a line \ it is the only one, since if 
there were any other it could only be a generator, and its intersection with the 
directrix would have to be a base point A; Thus we have the single case: 

(ii) p = 6,2 = 9. R,* has a directrix line which is the unique branch line \. 
The residual branch curve f*' does not meet A, and hence meets each generator 
in seven points, and is the residual section of R2* by a septimic through seven 
generators. R,*‘ is the projective model of the complete system of rational cubics 
on a quadric cone in [3], and "* is accordingly the projective model of twice this 
system together with the neighbourhood of the vertex (which is the image of X), 
i.e., of the complete system of cubic sections of the cone. The branch curve f* 
is the image of a septimic section of the cone, and is the residual section of #'* 
by a cubic through an elliptic 12-ic curve, image of a quadric section of the cone. 

Turning to the case p = 5, we have to consider the possibility of the directrix 
line of R;* being a line \,; since its grade, without base points, is — 1, it must 
have one base point A in it to reduce the grade to — 2, and as the intersection 
of any two lines \,, A, must be a base point, any other line \, can only be the 
generator through A. We thus have two cases: 

(iii) p = 5, m = 7. The unique branch line \ is the directrix of R,*, and 
contains the unique simple base point A of |¢!, which is also a triple point of the 
residual branch curve f"’. |¢| consists of curves of order 7 meeting each generator 
in three points and \ only in A, i.e., is the complete system of residual sections 
of R:* by cubics through two generators and A; similarly f!? meets \ only in the 
triple point A, and each generator consequently in 7 points, and is thus the 
residual section by a septimic through four generators. If R,* is mapped on a 
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plane by conics with a simple base point X, A corresponds to a point in the 
neighbourhood of X, so that |¢| corresponds to the complete system of quartics 
with a [1,1] point in X and A, and f"’ to a curve of order 10 with a [3,3] point 
there. 

(iv) p = 5,m = 8. A, is the directrix and A, a generator of R,*; their inter- 
section A, is a double base point of |¢|, and there is also a simple base point A, 
on Ao. \¢| consists of octavic curves trisecant to the generators; that is, |¢| is 
the complete system of residual sections of R;* by cubics through one generator 
and A», and touching the surface in A,. The branch curve meets each generator 
in 7 points, and has a quadruple point in A, and a triple point in A». If R;’ is 
projected into a quadric cone in [3] from A,, f'* becomes a septimic section 
with a [3,3] point at the images of (A2,A2), and |! the complete system of cubic 
sections of the cone with a [1,1] base point there. 

For p = 4 we have to consider the possibility that the lines A, include gener- 
ators of both systems of R.?; in this case they must be not more than 
two in each system, since the intersections of any one with all those of the 
other system must be included in the two base points A, which are needed on 
the generator to reduce its grade to —2. There are thus the following three 
cases: 

(v) p = 4, m= 6. Ax, Ae are generators of opposite systems of R,’; their 
intersection Ao is a double base point of |¢|, which consists of cubic sections of 
R;’, and has also two simple base points A; on A; and A, on dA». f'* is a complete 
septimic section with a quadruple point at A» and triple points at A,, A». 
|| and f'* project from A» into the complete system of plane quartics with 
[1,1] base points at the images of (A;, A) and (As, Az), and a curve of order 10 
with [3,3] points at the same points. 

(vi) pb = 4,” = 7. Ax, Ae belong to one system of generators and A; to the 
other; |¢| meets each generator of the former system in 3 and of the latter in 4 
points, and has two double base points A, at the intersection of A;, A3, and two 
simple base points A 42 lying on A; (¢ = 1, 2). f'* meets generators of the former 
system in 7 and of the latter in 8 points, and has quadruple points in A,,A2 and 
triple points in A;3,A4. The projective model of rational cubics (bisecant to the 
latter system) through A,,A2 is a quadric cone whose vertex is the image of A3;; 
on this |¢| appears as the complete system of cubic sections with [1,1] base points 
in the images of (A1,A3) and (A2,A,4), and f'* as a septimic section with [3.3] 
points in the same places. 

(vii) p = 4,” = 8. 4, Ae belong to one system and \3,A,4 to the other. |¢| con- 
sists of quartic sections, with double base points at the four points A,,...,A4 
of intersection of \1,A2 with A3,A4. f'* is an octavic section with quadruple points 
in Ay,...,A4. The projective model of the elliptic quartice through A:,..., As 
is a four-nodal Segre (or quartic del Pezzo) surface, intersection of two quadric 
cones with line vertices in [4], on which |¢| appears as the complete system of 
quadric sections and f'* as a quartic section. /f** is thus a complete quadric 
section of 6'*. 
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In the case p = 3 the canonical model is a double plane, and ¥‘ is the Veronese 
surface. The lines A;,...,A,—2 and base points A;, ...,A, satisfy the conditions 
that precisely three points lie on each line, at least one line passes through each 
of the points, and the intersection of every two of the lines is a point of the set. 
It is easily verified that, apart from the standard case in which all the lines 
belong to one pencil, the only possibilities are the following: 

(viii) p = 3, nm = 5, r = 6. Axy,Ae,A3 are the sides and A1,A2,A; the vertices 
of a triangle, and A 4:3 lies in A, only (¢ = 1,2,3). The system || and residual 
branch curve are 


¢' (Ai, Az, As, As, As, As); f(A}, Ad, Ad, Aa, Ab Ao). 


The quadratic transformation based on A,, A2, A; transforms these into quartics 
with three [1,1] base points at the images of (A,,A 43), and f into a curve of 
order 10 with [3,3] points at the same points. 

(ix) p = 3,m = 6,r = 7. do,Az,Aq meet in Aj, Ay meets A, in A, and Ay; is 
on A, only (¢ = 2,3,4). |¢| and the residual branch curve are 


¢°(Ai, Ai, Ai, Ai, As, Ab, Ai); f°(Al, Ai, Ais, Al, Ab, Ae, A}). 


The projective model of the cubics with base points (Aj, A2, A, A4) is a quadric 
cone whose vertex corresponds to \,, on which |¢| appears as the complete system 
of cubic sections with [1,1] base points at the images of (A;,A 43), and f as a 
septimic section with [3,3] points at these same points. 

(x) p = 3,n =6,r=6. Ay,...,Aq are the sides and A;,..., A, the vertices 
of a complete quadrilateral. || and the residual branch curve are 


@(Ai,...,40); Sf (Ai,-..-, Ae). 


The projective model of the cubics with base points (Ai, . . . ,A¢) is a four nodal 
cubic surface, on which |¢| appears as the complete system of quadric sections, 
and f as a complete quartic section. The branch curve f* is thus a complete 
quadric section of '*. 

(xi) p> = 3,n =7,r = 7. Ay,... Aq are the sides and Aj, ... ,A¢ the vertices 
of a complete quadrilateral; A, joins the opposite vertices A,A2, and A; lies in 
As only. |¢| and the residual branch curve are 


¢' (Aj, A>, Aj, Ai, As, Ae, Ai); f'°(Al, Ad, A}, Al, Ab, Ab, Ad). 


The projective model of the quartics with base points (Aj, A}, Ai, Ai, Ab, Ae) 
is a four nodal Segre surface in [4] on which |¢| appears as the complete system 
of quadric sections with a [1,1] base point at the image of (As,A7), and f as a 
complete quartic section with a [3,3] point at the same point. 

(xii) p= 3,m = 8,r = 7. dy,...,Ae are the sides, A;,...,A,4 the vertices, 
and A, As, Az the diagonal points of a complete quadrangle. || and the residual 
branch curve are 


¢°(Ai, Ad, A, Aa, Aa, As, A5); f'*(Al, Ad, As, At, Ab, As, Ad). 
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The quadratic transformation based on A:2,A3,A,4 changes these into the system 
of septimics with a triple point A and three [2,2] points, the fixed tangents in 
which are concurrent in the triple base point; and into a 13-ic with quintuple 
point at A and [4,4] points at the other base points. There is a pencil of rational 
quartics on ®'* corresponding to conics through A,,...,A,4 in the first plane 
mapping, and to lines through A in the second, and the branch curve of "* is 
the residual section by a quadric through one curve of this pencil. 

It is to be remarked that these twelve bicanonical models fall into series, like 
those in the standard case, each member of the series being obtained from the 
previous one by imposing a [3,3] point on the branch curve, and correspond- 
ingly a simple base point on the canonical and a [1,1] base point on the bi- 
canonical system, so that the canonical models are obtained by repeated 
projection from simple points and the bicanonical by repeated projection from 
tangents. These are: 

x = 3,p < 6, < 8: Projective model of the plane system of quartics with 
6 — p = 8 — n [1,1] base points, the branch curve being mapped by a 10-ic 
curve with [3,3] points at the same points. |3¢ — f| is mapped by all conics in 
the plane. 

x = 4,p < 6," < 9: Projective model of the cubic sections of a quadric cone 
(or of plane sextics with a (3,3] base point) having 6 — p = 9 — n [1,1] base 
points. The branch curve is mapped on the cone by a septimic section (or on 
the plane by a 14-ic with [7,7] point) having [3,3] points at the same points. 
|3@ — f| is mapped by all quadric sections of the cone (or by quartics with a 
[2,2] base point). 

x = 4,p < 3,n < 6: Projective model of the quadric sections of a four-nodal 
cubic surface, or of plane sextics with six double base points which are the 
vertices of a complete quadrilateral. We may add 3 — p = 6 — n [1,1] base 
points to cover the case p = 2 which we have not yet considered. The branch 
curve is mapped by a quartic section of the cubic, or by a 12-ic curve with 
quadruple points at the vertices of the quadrilateral (and [3,3] points at any 
[1,1] base points of |¢|). |3¢@ — f| is mapped by all quadric sections of the cubic, 
i.e., by || without the [1,1] base points. 

z==5, p< 4, <8: Projective model of the quadric sections of the four 
nodal Segre (quartic del Pezzo) surface, or of the plane octavics with quartic 
base points at two opposite vertices and double base points at the remaining 
vertices of a complete quadrilateral, and 4 — p = 8 — n [1,1] base points. The 
branch curve is mapped by a quartic section of the Segre surface with [3,3] 
points at the [1,1] base points of |¢I, i.e., |3¢ — f| is mapped by quadric sections 
of the Segre surface, or by |¢| without its [1,1] points. 

x = 6,p < 3,n < 8: Projective model of the plane system of septimic curves 
with one triple and three [2,2] base points, the fixed tangents at the latter all 
passing through the former; and of course 3 — » = 8 — n [1,1] points. The 
branch curve is mapped by a 13-ic curve with a quintuple point, and three [4,4] 
points, and 3 — p = 8 — n [3,3] points, at the base points of |¢|; so that |3¢ — f 
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is the system |k + ¢| without its [1,1] base points, where |k| is the pencil of 
quartics mapped by lines through the triple base point of |¢/. 


As the last surface is less known than the others we may remark that (for 
p = 3, n = 8) it is a surface of order 16 in [13], and the ambient [4]s of the 
quartics |k| generate a locus R;®. Three of the quartics consist of a conic re- 
peated, the tangent planes at whose points lie in the corresponding [4] and which 
passes through two of the six nodes. The system |¢| can be represented as the 
residual sections of a sextic surface with hyperplane sections of genus 2, by 
quadrics through one conic; the sextic surface being special in having six nodes 
lying by pairs on three torsal lines which, counted twice, form conics of the 
unique pencil of conics on the surface. 


4. The surfaces of genus 2. The case » = 2 presents some difficulty, on 
account of the absence of the canonical model and of the surface ¥’-*. The 
bicanonical model however must still be a double rational surface @™ in [n + 2], 
having m isolated branch points at conical nodes, which are base points of the 
canonical pencil. The canonical pencil consists of normal rational curves of 
order n, whose ambient []s clearly generate a quadric cone I',,,:? with [m — 1] 
vertex 2,—:, which is the join of the m nodes, since any two curves of the pencil 
together form a hyperplane section of the surface. The hyperplane sections of 
$™* have genus = n — 1. 

Now there is clearly a surface 6” to be obtained from each of those obtained 
in the case p = 3, by imposing one further [1,1] base point on || and the 
corresponding [3,3] point on the branch curve. In particular the standard case 
leads to a surface @™, intersection of a rational normal three-fold R;" generated 
by ~! planes with the quadric cone I’,,,”, the nodes being the intersection of R;" 
with the vertex 2,-;. We may also list immediately the exceptional cases 
(xiii), ..., (xvii), obtained by imposing a [3,3] point on the branch curve of 
each of the double planes (viii), ..., (xii), ie., the representatives for p = 2 of 
the five sequences of exceptional cases already formed. 

It is not immediately obvious what further cases we may expect to find. Let 
us suppose however that ©” is mapped on a plane by a linear system |¢), of 
grade v = 2n, genus = m — 1, and freedom p = n + 2, having ¢ base points 
X,,..., Xe, of multiplicities i,,..., 4. respectively, the curves of |¢| being of 
order m. It is clear that we need consider only systems none of whose base 
points are simple since, whatever the branch curve of a multiple plane, the bi- 
canonical system cannot have an isolated simple base point; and if it has a 
[1,1] point corresponding to a [3,3] point of the branch curve, the surface belongs 
to one of the series already enumerated for > 3. Thus all the base points of 
\¢| are likewise base points of the adjoint system |¢’|, and the conditions imposed 
by them are of course independent for |¢’|._ We need also consider only systems 
for which 2 > 3, i.e., m > 4, since if the curves of |o| are rational, elliptic, or 
hyperelliptic, the surface is included in the standard case. The virtual inter- 
section number £ of |g! with the system of cubics through all the base points is 
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given by 
té=y—27r+2 = 4. 


Now I have shewn elsewhere (5) that the grade »’ and genus 2’ of |¢’| and the 
quantity ¢’ = »’ — 2x’ + 2 satisfy 


w-a =f, v—v =Et+t, E-E =9-« 
From the last of these we have &’ = « — 5, and putting this value with » = 2n, 
x = n — 4, ¢ = 4 into the other two relations we have 


‘ 


vy =2n—e+1, wm =n—e+4. 
The freedom p’ of |¢’| is of course 


p=2r-l=2-—2, 
and consequently satisfies 
p—x —e+6=0. 

It need hardly be said that these characters of |¢’| are calculated with respect 
only to those base points which are imposed by those of |¢|. If |¢’| happens to 
have any other base points they are to be regarded simply as fixed points of its 
characteristic series of order »’. 

Now let us consider the order m of a linear system of curves, and its multi- 
plicities 7;, ... ,i, at the base points X,,...,X,., as the components of a vector 
in a real affine space of « + 1 dimensions; and interpret the grade 


a 


as the square of the length of the vector, so that the intersection number 


mm — > it 

of two systems represented by vectors (m,i;,...,i.), (m’,i’1,...,t'.) is to be 
regarded as the scalar product of the two vectors. (I have used this device 
elsewhere (7) at some length.) This metric is of the same kind as that introduced 
by Minkowski® for the special relativity theory, a system of positive grade 
corresponding to a “‘time-like’’ and one of negative grade to a ‘‘space-like” 
vector. It is obvious that not more than e + 1 vectors can all be mutually 
perpendicular, and that of any such maximal set of perpendicular vectors just 
one must be time-like and the rest space-like. The vector (3,1,...,1) repre- 
senting the system of cubics through the base points is space-like if « >9, time- 
like if « < 9, since the virtual grade of this system is 9 — ¢«. But the vectors 
representing the fundamental curves of |¢| are all perpendicular to this latter 
vector, since, for a curve of virtual grade vy = — 2 and genus x = 0, 


3m — Doi=v—2e+2=0; 
and they are perpendicular to each other, since two fundamental curves have 


no intersection outside of the base points. It follows that m < «, or if «> 9 
then  < « — 1, since in this case one of the space-like vectors in a maximal 


‘For this geometry see, e.g., (12). 
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perpendicular set must be (3,1,...,1), which is not a fundamental curve; if 
« = 9 there can still be only « — 1 space-like vectors all perpendicular to each 
other and to (3,1,...,1), as one of the vectors perpendicular to this latter is 


itself,* so that in this case also n < « — 1. Since x’ = n — ¢ + 4 however, this 
means that 
x <4, o « <3 if «>9. 
We have thus to seek a regular system ty satisfying 


y=2n—e+1, r =n—€+4<4 (x <3 if €>9), p =n—2>2, 
and accordingly 
p—x —e+6=0. 

All regular linear systems of genus < 4 and freedom > 2 are known; those 
of genus 0, 1 are classical and may be found in many standard works, e.g. 
(3, pp. 280, 320); those of genus 2, 3 were studied by Castelnuovo’ (1), (2), and 
myself (5); those of genus 4 by Roth (13) and myself (4), (5). They are listed 
in various places, but the most convenient references are perhaps (11) for x’ = 3 
and (10) for x’ = 4. In the table below are listed the forms to which all linear 
































a Symbol p’ € | g@ — ew’ —6+6 
tla (m—1,1*) 0<k<m—1\2m—k | k+1 2m + 5 — 2k 
1 | 2 0 8 
| 2 | 5 | 0 11 
a oe Bd a ae 
1) 34% O<k<7 | 9O-k | k 14—2k| A 
4 (22) | 8 | 2 11 
2 | 4 (2,1) O<k<9 |11-k | k+1 | 14—2k| B 
6 (2°, 1*) O<k<1 | 3-k | k+8 | —1— 2k} 
—— }——____——_— ——EE |-_——_ — - a 
3 | 5 (3, 1*) O<k<12 |14-k | k+1 | 16—2k| C 
4 (1*) O<k<12 |14-k | k | 17 — 2k| 
6 (27, 1*) 0<k<4 | 6—k | k+7 | 2—2k| D 
zs ———————— 
4 | 6 (4, 1") 0O<k<7 17k | k+1 | 18 — 2k) 
| 6 (3*) 15 2 | 15 
| 5 (2%, 1%) O<k <6 14—k | k+2 | 14 — 2k 
| 6 (28, 1*) 0<k <3 9—k k+6 | 5 — 2k 
| 9 (3%) | 6 8 | 0 | E 








*] have discussed the peculiarities of the metric in this special case € = 9 at some 
length in (7). 

Strictly, he studied the corresponding rational surfaces, but the classification of linear 
systems originated with these investigations. 
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systems satisfying the above inequalities can be reduced by Cremona transfor- 
mation. In the column headed “symbol” the order m is written for clarity 
outside the parenthesis, and the numbers within are the multiplicities (7,, . . . ,i.), 
except that s consecutive i’s within the parentheses are abbreviated as 7’. 

It will be seen on inspection of the last column that the relation 


p —s—-¢ +6=0 

is only satisfied by the five systems marked A, B, C, D, E in the margin, for 
k = 7, 7,8, 1 respectively in the first four cases. From each of these, increasing 
the order m by 3, and each of the base multiplicities (7;, . . . ,.) by 1, we obtain 
the symbol for the system |¢| to which the given system |¢’| is adjoint; and these 
we can tabulate as follows: 


| Symbol | » | & n 

1A | 6 (2%) ‘ Tf «4 
| | 7 (3,27) | 12 s | 6 
C}] 84,2) | 1 | 7 | 8 
D 9 (37,2) | 14 | 6 | 7 
| 7 8 





These systems all have the required relations between their numerical 
characteristics; but of course they still need to be investigated as to the possi- 
bility of choosing the base points in such a way as to make actual the required 
set of m rational curves of virtual grade —2. In the last two cases this is im- 
possible, as can easily be seen from the following considerations: 

Each of the systems D, E has 8 base points, and they require respectively 7 
and 8 actual rational curves of grade —2. It is easy of course to find a set of 
8 virtual systems of genus 0 and grade —2, every two of which have virtual 
intersection number 0; but not more than six of these can be made actual by 
any configuration of the base points. For the system 6(2°) with the same base 
points has as its projective model a double quadric cone in [3], branching along a 
sextic curve of genus 4, intersection of the cone with a cubic surface which does 
not pass through its vertex (the latter, which corresponds to the ninth associated 
point of the base points, being also an isolated branch point) (3, pp. 364-365). 
Every actual rational curve of grade —2 whose intersection number with every 
other such curve is 0, corresponds to a conical node on the surface, i.e. to a 
double point of the branch curve (6, p. 457); and this curve can clearly have 
six double points (by degenerating into three plane sections of the cone) and 
no more. 

Cases A, B, C, on the other hand give the following specializations respectively: 

(xviii). The system 6(2’) requires four actual curves of grade —2. This can 
be achieved by letting six of the base points be the vertices of a complete 
quadrilateral; the branch curve is 12-ic with quadruple points at all seven base 


Oo = 
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points, and the canonical pencil consists of the lines through the seventh base 
point. Alternatively, A243, AsAs may coincide in [2,2] points, the lines 
A:A;, AsAs meeting in A,; the branch curve is again 12-ic with quadruple 
points at all seven base points, and the canonical pencil consists of the conics 
through As, Ay, As, Az The two mappings are Cremona equivalent. The 
sextics with seven double base points are well known in general to represent the 
quadric section of the cone V;*‘ in [6] projecting a Veronese surface from a point; 
this specialization makes the secant quadric the cone I';? with [3] vertex Q;, the 
intersections of the latter with V;* being the four nodes of $*, of which f"* is a 
general quadric section. 

(xix) The system 7(3,27) requires six actual curves of grade —2. This can 
be achieved by making the double base points A2A3, AsAs5, AeAz, coincide in 
[2,2] points, with the lines A2A3, AAs, AsAz all passing through the triple base 
point A,;. The branch curve is 13-ic with quintuple point at A; amd quadruple 
at all seven double base points; the canonical pencil consists of conics through 
As, As, As, As. On &"*, the branch curve f*” is a quadric section residual to one 
rational quartic of the pencil represented by lines through A). 

(xx) The system 8(4,2°) requires eight actual curves of grade —2, which are 
obtained by making the double base points A2A;3, AsA5, AsAz, AsAy coincide 
in four [2,2] points, the lines A2A3, AsA5, AsA7, AgAy all passing through the 
quadruple base point A,;. The branch curve is 14-ic with sextuple point at A, 
and quadruple at all eight double base points; the canonical pencil consists of 
conics through A», Ay, As, As. On "* the branch curve f* is a quadric section, 
residual to two curves of the pencil of rational quartics represented by lines 
through A;. 

It is interesting to note that all the exceptional cases we have found for 
p > 2, twenty in all, with a solitary exception, fall under a single formula. We 
observe that the cubics 3[1*] whose base points are the vertices of a complete 
quadrilateral is Cremona transformable into the system 3[1°], two pairs of whose 
base points coincide in [1,1] points, the lines joining these both passing through 
the same fifth base point; and that the system of cubic sections of a quadric 
cone, with a [1,1] base point, projects from this point into the plane system of 
quintics with a [2,2] point and a simple base point in the same line. Thus the 
systems |¢| we have considered, save that for p = 6, m = 9, are equivalent to 
plane systems of curves of order m + 4 (m > 0) with 

(i) An m-ple base point A; 

(ii) m[2,2] points Bs,1, Ba, (i = 1,..., m), the lines Bo, Bz, all passing 
through A; 

(iii) h double base points Ci, ..., Cy; 

(iv) 7 [1,1] base points Do,-; Da, (¢ = 1,..., 7). 

The branch curve is of order m + 10, with an (m + 2)-ple point at A, [4,4] 
points at Bz,; Bz,, quadruple points at C,, and [3,3] points at Do, Da; There 
are 2m + 7 nodes on the surface #, model of idl, represented by the m lines 
AB;,_; Bs,, the neighbourhoods of the m points B.,;, and those of the 7 points 
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D241; and these are to be isolated branch points, so that the total branch curve 
of the double plane is of order 2m + 10, with (2m + 2)-ple point at A, [5,5] 
points at B2,, B2;, quadruple points at C,, and [3,3] points at Do, ; Ds,. The 
canonical system is thus of order m + 2, with m-ple point at A, double at B»,_,, 
and simple at B2;, C;, De;-1; from this system the m lines AB2,, Bs; separate 
out leaving that of conics with m + h + j simple base points at Bz,1, Cy, Dey, 
of which any two (with the m lines) form a curve of lol. 

|¢| has grade 2m where n = 8 — 2h — j, and genus s = m — n + 3; and the 
double @™” with the defined branch curve and isolated branch points at the 
2m + j nodes is a bicanonical surface of genus p = 6 — m — h — j and linear 
genus +1. There is on ©” a pencil (for m = 0 a homoloidal net) of rational 
quartics represented by the lines through A (which for m = 0 is absent), and for 
j = 0 the branch curve f is coresidual to a quadric section together with 2 — m 
of these curves. For m > 2,7 > 1 the n — 2p + 4 = 2m + j nodes fall into 
two sets; for m curves of the pencil (represented by the neighbourhoods of B:,) 
consist of a repeated conic joining two nodes, while j curves of it consist of two 
conics (represented by the neighbourhood of D., and the line AD2,;) meeting 
in a node. For m = 1 the nodes are of two kinds again, but the distinction is 
not quite the same, as the pencil of quartics is not unique; here however the 
representation by cubic sections of a quadric cone, with j + 1 [3,3] points, makes 
it clear that there is a unique pencil of rational cubics, passing through one of 
the nodes, and of which j + 1 members break up into a conic through this node 
and a line, meeting in one of the other k + 1 = nm — 2p + 3 nodes. 

Our 20 exceptional cases can now be tabulated as is shown below, values of p 
reading downwards and those of e = » — » + 1 across. A vertical arrow indi- 
cates the imposition of a [3,3] point on the branch curve and a [1,1] base point 


w=3 w=a4 wa5 w=6 wT =7 
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on |¢|, with unit decrease of m and p; an oblique arrow indicates the imposition 
of a quadruple point on the branch curve and a double base point on |¢| with 
unit decrease of » and decrease of 2 in m. The cases corresponding to m = 0, 
1, 2, 3, 4 respectively, with h = 7 = 0, are underlined and the values of m 
indicated. We note that the sequences for m = 1, h > 1 are the same as for 
m = 0, with h diminished by 1 and j increased by 2; and those form = 0,h > 1 
(and of course m = 1, h > 2) are included in the standard case. Apart from 
this the sequences for different values of m are wholly distinct. 

We could of course continue this table a line further, obtaining surfaces of 
genus 1 whose unique canonical curve (when deprived of exceptional constitu- 
ents) is irreducible and hyperelliptic; and the standard case would give similar 
surfaces for all values of the linear genus. There is however no reason to suppose 
that we should obtain a complete list of such surfaces, since so far as I know 
there is no reason to suppose that the involution on the unique canonical curve 
would be contained in an involution on the whole surface. 

Similar considerations apply to the surfaces of genus zero which would be 
obtained by continuing the above table, or the specification of the standard 
case, a stage further again. It is interesting to note however that we can obtain 
in this way, if not a complete enumeration, at least samples of surfaces of genus 
zero and arbitrarily high bigenus. 
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SOME THEOREMS ON DIFFERENCE SETS 
HENRY B. MANN 


A set a;,..., 4, of different residues mod 2 is called a difference set (v, k, d) 
(v > k > A) if the congruence a, — a; = d (mod 2) has exactly \ solutions for 
d # 0 (mod v). Singer [4] has demonstrated the existence of a difference set 
(v, k, 1) if k — 1 is a prime power, and difference sets for \ > 1 have been 
constructed by various authors; but necessary and sufficient conditions for the 
existence of a (v, k, A) are not known. It has not been possible so far to find a 
difference set with A = 1 if k — 1 is not a prime power and it has therefore been 
conjectured that no such difference set exists. The condition 
(1) k(k — 1) = A(@w — 1) 
is trivial. Owing to the efforts of Hall [2] and Hall and Ryser [3] efficient necessary 
conditions are now available by which a large number of (v, k, A) can be shown 
to be impossible. Hall [2] in particular succeeded in eliminating all doubtful 
cases of (v,k, 1) with k — 1 < 100 and this bound could easily be extended 
upward. It is the purpose of the present paper to improve some of the results 
of Hall [2] and Hall and Ryser [3]. 

A number ¢ is called a multiplier of (v, 2, \) if {ta,} = {a,;+ s} (mod 2) for 
some s. Hall and Ryser [3] generalizing a theorem of Hall [2] proved that every 
prime divisor p of k — \ = n is a multiplier provided p > X. The restriction 
p > A can sometimes be obviated by remembering that the residues which are 
not in (v, k, A) form a (v, v — k, v — 2k + A) with the same multiplier system 
as (v, k, d). 

We shall prove the following: 


THEOREM 1. If ¢ is of even order with respect to a prime divisor q of v then nis 
@ square if (‘) =-—i./f (‘) = + 1 thenn = b* or a*q*, where a, b are integers. 
Thus always » = 5? if m # 0 (mod g). 
Proof. Let t have order 2f with respect to g then ’ = — 1(mod gq). We put 
O(x) = x +...4+2™. 


Since ¢ is a multiplier, we have for some s, 


(2) 6(x"”) = x"6(x) mod (x* — 1). 
Substituting a primitive gth root of unity ¢ for x we have 
(3) as”) = a(¢*) = ¢°0(¢). 
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The prime g must be odd, hence 27 = s (mod gq), and since 


O(x)O(x—") =en+r(1+...+ 2°") mod (x* — 1) 


lil 


it follows that 


(4) (¢"0(t))? = n. 


In the field §(¢) generated by ¢ over the field of rational numbers the field 
&(/ + g) is the only quadratic subfield. Hence either n is a square or n = ag. 
In the latter case we have 


(4a) (5"0(5)) = + avg. 
The Galois group of §(¢) over §(+/g) is the group of automorphisms ¢— ¢* 
where a is a quadratic residue mod g. If (‘) = — 1 then ¢{->¢' maps 7V/¢ into 
q 


—~/q. Hence if ¢ is a multiplier, 
cos) =o" Os) = = avg, 
" ataieai on _ A 


but this is impossible since g is odd. 


The congruences » = 0 (mod gq), v 
since 


0 (mod g) imply n = 0 (mod gq’), 


- 


(5) hv = n> + (2A — 1)n + 2’; 


but m = 0 (snod g*) and m = a*g imply a = 0 (mod g), which proves the second 
part of Theorem 1. 


THEOREM la. If under the conditions of Theorem 1 we have v = g,thenk = v — 1. 


For then (v, ) = 1 and following the proof of Theorem 1 we are led to the 
equation 


coc) = +b, b integral. 
But this relation is impossible unless k = v — 1. 


Theorem 1 is a considerable improvement over Hall's Corollary 4.7 and Hall 
and Ryser’s Theorem 3.2. 

Theorem 1 has many applications. We give a few indicating its use. In the 
following corollaries let p always denote a prime divisor of m which exceeds \ 
and suppose that (v,%,\) exists. We also assume v = 1 (mod 2) since for 
v = 0 (mod 2), m must always be a square [1]. 


CorOLLary 1. Jf \ = 1 and n = mn, or n? mod (n° + m+ 1) and pis of even 
order with respect to n,* +- nm, + 1, then n is a square. 
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For then 9 = n? ++ 1 = 0 mod (n,;2 + m; + 1). Thus p is of even order 
with respect to a prime divisor g of v. Also in this case (v, m) = 1. 
For instance m must be a square in the following cases: 


n=1 (mod 3) p=2 (mod 3) 
n=2, 4(mod 7) bp = 3, 5,6 (mod 7) 
n = 3, 9 (mod 13) pb = 2, 4, 5, 6, 7, 8, 10, 11, 12 (mod 13) 
n = 5, 25 (mod 31) (4) =-—1 
n = 6, 36 (mod 43) (£) =-—1 

: 43 
n = 7, 11 (mod 19) (*) = 1 

, 19 


and so forth. 


CorOLLaryY 2. If a multiplier is quadratic non-residue modulo a prime divisor 
of v then n is a square. Moreover, if v is prime then k = v — 1. 


(<- a) = — { 
p 


then n is a square; if further v is a prime then (v, k, d) is impossible. 


(3) - Gj) = +8 


Coro.iary 3. If 


For by (5) we have 
hence 


But 


(6) = (-prve(g) (08), 


and the corollary follows from Theorems 1 and 1a. 

The case (91, 45, 22) already eliminated by Hall and Ryser is also quickly 
disposed of by Theorem 1, since 23 = — 3 (mod 13) and — 3 has the order 
6 (mod 13). 

We shall call a prime p an extraneous multiplier if p is a multiplier but 
n # 0 (mod p). We shall prove 


THEOREM 2. The prime p is a multiplier if and only if 
(6) O(x)? = x°8(x) modd (p, ef — 1), 
If p is an extraneous multiplier then 


1 


(6 ) 6(x)” =x’ modd(p, x" — 1) 


| 





or 


— 
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if k # 0 (mod p), and 
(6 ) O(x)?* = x* — T(x) modd(p, x" — 1), 
T(x) =1+x+...+x*"', of k = 0 (mod p). 
Proof. If p is a multiplier we have 
x"O(x) = O(x”) = 0(x)’ modd(p, x* — 1). 


On the other hand, @(x)? = x*@(x), modd (p,x* — 1), implies 6(x”) = x'@(x), 
modd (p,x* — 1). Since 6(x”) and x*@(x) are polynomials whose coefficients 
are either 1 or 0, it follows from this that 


6(x”) = x*O(x) mod(x* — 1). 
Hence ? is a multiplier. 
If p is an extraneous multiplier we multiply (6) by @(x~*) and obtain 


(7) O(x)”"(m + AT(x)) = x*(m + AT(x)) modd (p, x" — 1), 
(7) nO(x)?* + AR? 'T (x) = x(n + AT(x)) modd (p, x" — 1). 
If k#0 (mod p) then k?-' = 1 (mod p). If k=O (mod p) then m = - X 


(mod p). Also x*7(x) = T(x), mod (x* — 1), and the second part of the theorem 
follows easily from (7) and (7°). 


CorOLiary 1. Jf 2 is a multiplier for (v, k, X) then either n = 0 (mod 2) or 
k=v-—1. 
For otherwise Theorem 2 gives either 
6(x) = x’ modd (2, x” — 1), 
or 
O(x) = x* + T(x) modd (2, x" — 1) 
and the corollary follows. 


Coro.Liary 2. Jf 3 is a multiplier for (v, k, 1) then n = 0 (mod 3). 


For otherwise either 


(8) O(x)* = x" modd (3, x" — 1), 
or 
(8 ) 6(x)° = x* — T(x) modd (3, x° — 1). 


But x” occurs in @(x)* only if m = a,+ a, and then exactly twice if i # j and 
exactly once if i = j, whilst x” does not occur for exactly 4n(m + 1) values of m. 
Thus (8) and (8’) are both impossible, and the corollary follows. 

The following two theorems serve to show the non-existence of (v, k, 1) in a 
large number of doubtful cases. 
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THEOREM 3. If t;, te, ts, t¢ are multipliers of (v,k, 1) such that t, + t2 = ty, 
to # t, (mod v) then t, + ty is not a multiplier. 
For in this case we have a difference set a, . . . , @, which remains fixed under 


all multipliers [2]. If t; + t, = ts (mod ») is a multiplier, then for every a in this 
difference set 


at; + ate = at; = a, (mod 2), 
at; + ats = ats = a; (mod v), 
Q — a, = ate — ats (mod 2). 


Hence, since A = 1, either afz = a, (mod v) which implies a = 0 or ats = at, 
a(t, — t4) = 0 (mod v). Hence for all a we have a(t, — t,4) = 0 (mod v); but 
since every m = a, — a, (mod 2) it follows that t, — t, = 0 (mod »). 
Coro.iary 1. Jf 2, p, g are multipliers for (v,k,1) and p # gq (mod »v) then 
b+ q ts not a multiplier. 
This follows since p + p = 2p is a multiplier. 
Coro.iary 2. If 2 and 2* + 1 are multipliers then 2* = 1 (mod v). If 2 and 
2* — 1 are multipliers then 2* — 1 = 1 (mod 2). 
This follows at once from Corollary 1 with p = 1. 
THEOREM 4. If t;, te, ts, t¢ are multipliers for (v, k, 1) and (ty; — te) = (t3 — ta) 
then 
(9) (t; = te) (ty -_ ts) =0 (mod v). 
For again let a;,...,@, be the set that remains fixed under all multipliers. 
Then for any a in this set, 
ta — tea = tea — ta (mod v). 
Hence either t,;a = t2a (mod v) or t;a = t3a (modv). Hence for all a, and therefore 
for every number m, we must have 
(t; — te)(t: — ts)m =0 (mod 2), 
whence the theorem. 


Theorem 4 was extensively used, but not explicitly stated, by Hall [2]. 
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ON A GALOIS CONNECTION BETWEEN ALGEBRAS OF 
LINEAR TRANSFORMATIONS AND LATTICES OF 
SUBSPACES OF A.VECTOR SPACE 


R. M. THRALL 


1. Introduction. Representation theory has contributed much to the study of 
linear associative algebras. The central problem of representation theory per se 
is the determination for each algebra of all its indecomposable representations. 
This turns out to be a much deeper problem than the classification of algebras, 
in the sense that there are algebras for which any “internal question’’ can be 
answered but for which the number and nature of representations is almost 
completely unknown, or if known is much more complicated than the internal 
theory. This can be illustrated by the example of a commutative algebra of 
order three for which the representation theory can be shown to be essentially 
the same as the problem of classifying pairs of rectangular matrices under 
equivalence. (This algebra has indecomposable representations of every integral 
degree.) 

Detailed study (as yet unpublished) of the representations of certain classes of 
algebras has led me to consider the possibility of searching for connections 
between representation theory and lattice theory. The present note is devoted 
to setting up the machinery for certain phases of such an investigation. 

Notation and definitions. Let f be a sfield and V a right f-space of dimension 1. 
If v1, ...,%, are a basis for V then any vector v in V can be written in the form 


v = 0,0; +... + 0,0, where a),...,@, are uniquely determined scalars (i.e. 

elements of f) called the coordinates of v relative to the given basis for V. This 
. . . | ! ! } | 

can be written in the matrix form as v = ||v,|| -||a,|| where ||v,|| denotes the 1 


by » (row) matrix made up of the basis vectors and ila, denotes the n by 1 
(column) matrix made up of the coordinates. (In describing any matrix we shall 
use the subscript ‘7’ for row index and “j”’ for column index.) Then for any 
vector v and scalar a, va is the vector with coordinate matrix ||b,|| = ||a,a\|. 

We denote by T the set of all linear transformations a(i.e., f-endomorphism) 
of V into itself. We write the linear transformations as left operators, and then 
the commutativity of linear transformations with the scalar multiplications 
take the form (av)a = a(va). To express the linear transformations in matrix 
form we use the formula 


av = a (||v,||-|Jax||) = (alloy||)||as|| = |lavy||-||as|| 
= (|]vy||Te)||as]] = |]04||(T | |e4]|). 
Here T, is, of course the matrix whose jth column is the coordinate matrix of 
Received December 22, 1950. 
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av, Conversely, the same formula read in reverse shows that every n by n 
f-matrix T defines a linear transformation a. We make T into a right f-space of 
dimension n* by the definition aa = 8, where 8 is the linear transformation for 
which 

a 0| 


Ts = T. lOa | 
The set 9 of all subspaces of V is a complemented modular lattice of (lattice) 
dimension n. With any subalgebra & of T we associate the sublattice 2 = A* of N 
consisting of all subspaces of V invariant under &%. With any sublattice 2 of N 
we associate the subalgebra YA = {* consisting of all linear transformations a in 
f for which each element W of & is an invariant subspace. A subalgebra & of TF is 
said to be closed if (A*)*+ = A. A sublattice & of N is said to be closed if (V+)* = &. 
The mappings ‘“*”’ and ‘‘+-”’ constitute a Galois connection [1, p.56] between 
the subalgebras of T and the sublattices of M (i.e., both * and + invert inclusion 
and for all &% we have (%*)* > W and for all £ we have (%*+)* D &). The mappings 
W— (A*)* and & — (L*)* are accordingly closure operations [1, p. 49] in which 
the closed elements are just the images under * and +-, i.e., Wf is closed if and only 
if there exists an ¥ for which & = &* and & is closed if and only if there exists an 
HW for which f = Y*. 
The main purpose of this paper is the beginning of the study of the mappings 
and +. Among the problems considered (but not completely solved) are the 
determination of intrinsic characterizations of closure, and the ways in which 
properties of the subalgebras and sublattices can be traced in their images under 
* and + respectively. 


. 


The main results of the paper are the two necessary conditions (Theorems 
1 and 2) that a lattice be closed, given in §§3 and 4; §§5 and 6 deal with the 
special case of distributive lattices. Every distributive lattice is closed ; the closed 
algebras whose lattices are distributive are characterized and some sufficient 
conditions are obtained that an algebra % should define a distributive lattice U*. 
Section 7 contains some examples and conjectures. 


2. Some elementary properties of mappings + and *. Suppose that ¥ = %* 
is complemented. In the language of representation theory this says that V is a 
completely reducible representation space for %{. Since Wf is defined as an algebra 
ot linear transformations on V we see that V is space for a faithful representation 
of &. Now, any algebra which has a faithful completely reducible representation 
is semi-simple (for radical elements are mapped into zero by each irreducible 
representation). Conversely, if % is semi-simple then V is completely reducible, 
that is, £ = W* is complemented. Hence & = YA* is complemented if and only if 
WM is semi-simple. 

If A = L+* then A has a unit element. Since the dimension of a lattice is greater 
than or equal to the dimension of any sublattice we see that the dimension of ¢ is 
less than or equal to the composition length of V considered as an %-space. The 
following example shows that the inequality can occur. Let f be the rationals 


1 





OO 
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and let n = 4. Let & have the elements V, S, 7, U, Q, R where S is the set of all 
vectors with coordinates of the form (a, 6, 0,0); T is the set of all vectors with 
coordinates of the form (0, 0, a, 6); U is the set of all vectors with coordinates of 
the form (a, b, a,b); Q is the set of all vectors with coordinates of the form 
(a, 6, 2a, 3b); and R is the zero space. Then & is the set of all matrices of the 
form 


c,9 


10 “all” 
and %{* has dimension 4. 

3. Projective closure. Let A and B be subspaces of V, i.e., elements of the 
lattice 2. We use the symbols A (\ B and A  B respectively to indicate the 
intersection of A and B and the space spanned by A and B. If B is a subspace of 
A we say that the pair A, B defines a quotient, written A/B. (This should not be 
confused with the residue class space which we denote by A — B.) We shall use 
quotients only in connection with the concepts of transposed quotients and 
projective quotients [1, p. 72]. 

If A/B and C/D are transposes with A \V D = Cand A ‘\ D = B then any 
vector v in A is in C and two vectors in A belong to the same coset modulo B 
if and only if they belong to the same coset of C modulo D. If v is any vector in C 
there is a vector v’ in the same coset modulo D such that v’ is also in A. It is 
easy to see that the mapping v + B— v + D defined for all vectors v in A isa 
non-singular linear transformation of the factor space A — B onto C — D. 

The inverse of this mapping is, of course, also a linear transformation. Hence, 
with any sequence of transposes leading from an initial quotient A/B to a final 
quotient C/D we can associate a unique (non-singular) linear transformation 
of A — B onto C — D. We say that such transformations are lattice induced. 
Suppose that in a sublattice ¥ of 9 two quotients S/R and 7/R are projective 
with 


S/R = Xo/Yo, X1/V1, ..., Xe/VYe = T/R 


as a sequence of transposes which demonstrate this projectivity [2]. 

Denote by o: s+ R-t+ R = o(s + R) the mapping thus defined from 
S — R onto T — R by the above given sequence of X,/ Y,. Then for each pair 
a € fands € S we define Q,(s) to be the coset (s + R) + o(s + Riaof SUT 
modulo R. If, now, qi € Q,(s1) and ge € Q,(S2), then (gibi + gobo) © Qa(Sidi + 
Sede). Hence, the set Q, consisting of all vectors lying in any one of the cosets 
Q.(s) for some s € S is a subspace of V, that is, an element of ®. If a # 0, 
then Q, has meet R and join S U T with both Sand 7 so that [R; S, T, Q,; SUT] 
is a projective root [2, p. 147] in N. Moreover, the mapping s + R-— Q,(s) isa 
linear transformation of S — R onto Q,. We say that Q, is projectively related 
to ¥. 

Definition. We say that < is projectively closed in N if % contains every space 
Q, projectively related to it. 
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The above process for defining new spaces Q, can be generalized in the fol- 
lowing manner. Let W D S D Rbeachain in &, let ¢ be a linear transformation 
of S — R into W — R, and let a € f. Then we define Q, to be the set of all 
vectors lying in any one of the cosets Q,(s) = (s + R) + ¢(s + Rjafors € S. 
(Of course, spaces thus obtained need not be projectively related to & even if 
R, S, and W all belong to &.) 


LEMMA 1. Let & be any subalgebra of T, lee WDSD R bea chain inY = Y, 
let o be an operator homomorphism (A-homomorphism) of S — R into W — R, 
and leta € f. Then Q, © &. 


Proof. Leta € YU. Then we have 
aQ,(s) = al(s + R) + o(s + R)a] = a(s + R) + alo(s + R)a| 
= a(s+ R) + c(as + R)a = Q,(as), 


and hence aQ, € Q,. 
The following theorem which is an immediate consequence of this lemma 
illustrates the importance of the concept of projective closure. 


THEOREM 1. Every closed lattice 2 = A* is projectively closed. 


Proof. lf 2 = Y* then every lattice induced linear transformation is an opera- 
tor ismorphism. Suppose that S/R is projective to 7/R in % and a is any lattice 
induced ismorphism of S — R onto T — R. Then apply Lemma 1 with W = SUT 
and we see that Q, € &. 


THEOREM 2. Suppose that f is an algebraically closed field, and that % is pro- 
jectwely closed in N. Let B = [R;S, T, U; W] be a prime projective root in &, 
and let o be the linear transformation of S — R onto T — R induced by any pro- 
jectivity (in 2) of S/R and T/R. Then, there exists a € € such that U = Q,. 
Moreover, if + is any second linear transformation of S — R onto T — R induced 
by a projectivity (in L) of S/L and T/R then + is a scalar multiple of co. 


Proof. Let u + R be any coset of U modulo R. Since W — R is the direct 


sum of S — R and T — R there exist unique cosets s + R of S modulo R and 
t+ R of T modulo R such that «1+ R = (s+ R) + (+R). Since SOI\T 
= U(\S = UC\T = Rwe see that no one of the vectors u, s, or t can belong 


to R unless all three do. Moreover, since SUT = UUS = UUT = W we 
see that every coset of S modulo R and similarly every coset of T modulo R 
must appear exactly once as u + R runs through all of the cosets of U modulo R. 
If we denote by p(s + R) the (unique) coset (¢ + R) which is paired with 
(s + R) in the expression for some (u + R) it is clear that p is a non-singular 
linear transformation of S — R onto T — R. 

Consider the product \ = o~'p; clearly \ is a non-singular linear trans- 
formation of S — R onto itself. Since f is algebraically closed, \ has at least one 
eigenvalue a, and since A is non-singular a ~ 0. Let (so + R) be a non-zero 
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eigenvector of A, that is, so does not belong to R and A(sy + R) = (sea + R). 
Then 


Qu(so) = (so + R) + o(soa + R) = (so + R) + pdr *(soa + R) 
= (so+ R) + p(so+ R) C U. 


The assumption of projective closure requires thatQ, € 2. Now, U > U(\\Q, DR. 
But since Q, and U are both prime over R this requires U = Q,, which establishes 
the first part of the theorem. 

To establish the remaining contention it is clearly sufficient to show that ¢ 
is a scalar multiple of p. For then the same would be true of r. To show this we 
observe that for every s € S we have Q,(s) = (s + R) + o(sa + R) as the 
coset of U modulo R in the form of a sum of a coset of S modulo R and a coset 
of T modulo R. As we have seen above, such an expression is unique, and hence 
a(sa + R) = p(s + R) for every s € S. From this we conclude that ca = p, 
as required. 


4. A relative imbedding problem. Consider an / dimensional sublattice & 
of an n-dimensional complemented modular lattice Jt. If there exists an /-dimen- 
sional complemented sublattice J of MR which contains & and which has the 
same projective structure constants [2, §2] as 2 we say that & has the relative 
imbedding property. In §7 below we shall give an example to show that not 
every % has this property. 

An algebra & is said to be cleft [3, p. 499] if its radical R has a complement B 
in the lattice of all subalgebras of %; 8 is then necessarily semi-simple. 


THEOREM 3. Let f be a field and let & be a cleft subalgebra of X with unity 
element. Then 2 = A* has the relative imbedding property. 


Proof. Let R be the radical of A, let B be a semi-simple subalgebra of Y for 
which & = R + B, and let V = V;D VisD...D Vo = 0, be an A-composi- 
tion series for V. We may choose a basis for V adapted to this series for which 
elements of 8 are represented by matrices with zeros in all non-diagonal blocks, 
such that equivalent irreducible constituents of & are in identical form and such 
that the elements of ® are represented by matrices with zeros in all blocks below 
the main diagonal. If the number of distinct irreducible constituents of % is 
equal to the number r of projective classes of prime quotients in % then J? = B* 
is complemented and will have the same projective structure constants as &. 
Moreover, because of the antitone properties of the mapping * we have 2 C Mi. 

We now show that if there are less than r distinct irreducible constituents 
of B then we can replace W% by a larger cleft algebra YW’ whose semi-simple 
subalgebra B’ has exactly 7 distinct irreducible constituents and such that 
Y= Y’*. Then PY’ = B* will serve as the imbedding lattice for &. 

Let § be one of the irreducible constituents of Y and let ¢« be the element of 8 
which is represented by the identity matrix in § and by zero in all irreducible 
constituents of & which are not equivalent to §. Suppose that $ = {j:,..., is} 
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is the set of all indices j for which the factor spaces V, — V,_; have « as identity 
operator and suppose that not all of the quotients V,/V,., for j in § are pro- 
jective in £ = Y*. Partition the set § into two non-empty subsets %,; and &%; 
in such a way that indices of projective quotients lie in the same subset. Then 
for i = 1, 2 let e«, be the (unique) element of «Te which induces the identity 
mapping on the factor spaces V, — V,., for all 7 in 3, and which induces the 
zero mapping on all factor spaces V, — V,_, for all 7 not in 9,. 


LEMMA 2. The mappings «, and ¢2 belong to U**. 


Proof. Clearly ¢, and ¢: are orthogonal indempotents whose sum is e, and hence 
either both or neither belong to 2**+. Suppose that neither belongs to &*+. Then 
there must be an Y%-space U of lowest f-dimension for which «,U Z U. This 
space U must be join-irreducible; let U’ be its unique maximal %-subspace. 

Let 7 be the smallest index for which U C V;. Then since V, covers Vy, 


U covers V,1f\U, and consequently V,,/\ U = U’. This shows that 
V,/V;-. is a transpose of U/U’. 

If 7 does not lie in § we have «V, = eV, and hence «U = eU’ C U’. Then 
since €; = e«,¢ we have «,U = eel C «,U’. Now since (dimension UU’) < (di- 


mension U) we have «¢,U’ C U’ and hence ¢,U C U’ C U, contrary to our 
hypothesis on U. Hence j lies in 9. 

Now, since j lies in 3, «eV; Z «V,-1. We may suppose the notation so chosen 
that 7 € 3.. Then for v € Vy, we have ew € V;., if and only if » Vy1, and 
similarly for u € U we have eu € U’ ifandonlyifu € U’. 

Let u be a vector of U for which e,u ¢ U. Since €; and « induce the identity 
mapping on V, — V4. there exist vectors u, € Vy. such that e,;(u — u) = 
u — u,. (For example u; = u — eu has this property.) Let k be the smallest 
index for which there exists a pair of vectors u © U and u; € V, such that 
eu ¢U and e,(u — u,) = u — wu. Clearly k < j. If u, mu, is such a pair so is 
€u, €%,, hence we may suppose that u = eu and u; = em. Since u,(= eu) does 
not lie in V,_; we see thatk € Y.Ifk € &%, then 


Ue = Uy — €yy € Vy-1. 
Moreover, 
€1(u —_ U2) = €\u4 — €\1 + €;€;u; = €,(u —- U;) + €\1 
=U — Uy + €:4) = U — Ue, 


contrary to the hypothesis that k is minimal. Hence k € So. 

Set R= U'U Vin, S= UU Vin, T = U'U Vy, and W = UU V,. We 
contend that these four Y%{-spaces are distinct and that R = S(\T, W = S UT. 
It is obvious that SU T = W. Now, 


SOT =(UUVin)N(U UNV) = (UN (U UV) U Vien 
=(UNVU)UUJUNA=UUNA=R. 
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(The simplifications used follow from two applications of the modular law and 
the fact that, since k <j, U(\ Vz © U".) 

We cannot have W = T lest the above chosen vector u lie in U’ UV Vi © Vyy 
from which it would follow that u € U(\ Vs, = U’ which contradicts the 
condition ¢,« ¢ U. In order to show that all four spaces are distinct it is now 
sufficient to show that W # S. Suppose that W = S. Then u,; € S and so can 
be written in the form u,; = u’ + ue where wu’ € U’, uw. € Vy-1. Now uw’ i’. 
hence ¢,(u — u’) ¢ U. Moreover, 


€:[(u — u’) — ue] = e:(u — uw) = u — wy = (u — UW’) — tee. 


Thus the pair of vectors (u — u’), u2 contradict the minimality of k. This contra- 
diction arises from the assumption W = S; hence we conclude that W # S. 

Since j and k both lie in 3 we see that S — R is YA-isomorphic to T — R under 
some mapping «. Now, by Lemma 1, % contains the space U = Q,, and the pro- 
jective root [R;S, 7, U; W] in % can be used to show the projectivity of the 
quotients S/R and 7/R and thus of V,/ Vj, and V;/V;,_,. But this contradicts 
the construction of 3, and $2. This contradiction arises from the assumption 
that the W-space U is not invariant under ¢, and ¢2; and thus completes the proof 
of the lemma. 


LeMMA 3. The algebra A, generated by A and «,, €2 is cleft with semi-simple 
subalgebra B, generated by B and «,, €2. 


Proof. \t is clear from the matrix form of 8 that ¢; and ¢, commute with all 
elements of 8 as well as with each other, and hence that e; and ¢: belong to the 
centre of B,. One consequence of this is that ¢,B is a two-sided ideal of B,. But 
from the matrix form of % it is clear that ¢,B is a simple algebra isomorphic to 
«8. Similarly (1 — €,)% is also a two-sided ideal of B,, and reference to the 
matrix form of 8 shows that (1 — ¢€,)% is isomorphic to 8 under the mapping 
B— (1 — «)8. Since « is idempotent and lies in the centre of B, the sum 
B’ = (1 — «)B+ «8 is direct. Clearly B’ D> B, and the equalities (1 — «;) « 
= €. and ee; = €, show that 8’ also contains «, and ¢«. Hence, 8, = B’ is 
semi-simple. We have proved incidentally that 8, has exactly one more simple 
two-sided ideal than B. 

If we can now find a nilpotent ideal ®, in %, for which Y, is the direct sum of 
%, and ®, we will have completed the proof of the lemma. The radical ® of Wf 
consists of those elements represented by zeros in all of the irreducible consti- 
tuents, i.e., of those elements whose matrices are zero in all blocks on or below 
the main diagonal. Since V has composition length / it follows that R' = 0. 
Moreover, the matrix for each element of 2%, has zeros in all blocks on or below 
the main diagonal so that (R%,)' = 0. Now, consider the subset 


Ri = Bi(RB.) + Bi(MB,)* +... + Bi(RB,)'. 


of 4,. We remark first that since 1€ 8), R C RM, and so B, and M, generate Y%,. 
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Moreover, since 6,7 = B, we have G9: = R18; = Ri. An easy induction 
shows that 


Ri’ = Bi(RBi)‘ + Bi(MB,) ** +... + B(RB,)'. 


This shows both that ®; is nilpotent and that it is closed under multiplication. 
To check closure under addition it suffices to recall that the definition of the 
product €D of two subsets € and D is the set of all sums c,d; +... + cd, 
for the c, in © and the d; in D. Putting together all of the above facts we see 
that ®, is a nilpotent two-sided ideal of %{,. It remains only to show that the 
sum 8, + §; is direct and equal to &,. The intersection of 8, and ®; is clearly 
an ideal in %, and is as part of ®; either nilpotent or zero. Since B, is semi- 
simple this intersection must be zero, so the sum is direct. Now YW’ = 8, + ®; 
is clearly a subalgebra of %,. Since YM; is generated by B, and §, it follows that 
W%, = W’ is cleft with semi-simple component Q. 

Returning now to the proof of Theorem 3, we observe it is a consequence of 
Lemma 2 that (%,)* = %*. Moreover, we saw in the proof of Lemma 3 that Y; 
has one more class of irreducible representations than &. Hence, by repeated 
applications of our construction we will arrive at a cleft algebra A, having 
exactly as many classes of irreducible representations as % has classes of pro- 
jective prime quotients and for which (4,)* = %*. This completes the proof. 


5. The distributive case. We shall show that every distributive lattice is 
closed and that a closed algebra corresponds to a distributive lattice if and only 
if its irreducible constituents are total matrix algebras over f, no two of which are 
equivalent. The question as to which non-closed algebras correspond to distri- 
butive lattices is not settled although some results are given for the case in 
which f is an algebraically closed field. 

We review some of the important properties of a distributive lattice [I, 
Chap. IX]. Let 2 be a distributive sublattice of MN and let Ui, Uz,..., U; be 
the join-irreducible elements of & (here / = dim %). Let U,/ be the unique element 
covered by U, and let n, = dim (U, — Uj) (j = 1,2,...,2). Suppose that 
the U’s have been ordered so that U; C U; can hold only if i < j, and set 


V,=U,0U02U...UU; £2 @ fb, occall 


Then 0 = VoC ViC V2C...C V; = Visa maximal chain in 2. We choose 
a basis for V adapted to this chain, and, moreover, such that the jth set of 
basis elements (i.e., the m; new ones chosen for V, in addition to the ones al- 
ready chosen for V,_;) all lie in U,. We regard & = &+ as a matrix algebra in 
terms of the given basis. Let A = ||A,,|| be an » by n f-matrix partitioned so 
that A ,, is an m, by n, f-matrix 


Lema 4. (i) If A belongs to UA = L* then so does each matrix B which can 
be obtained from A by replacing any set of its submatrices A,, by the zero matrix. 
(ii) Jf U; © Uy, and A’ is any n, by n, f-matrix then the matrix A having A,, = A’ 
and Ay, = 0 for h, k # i, j belongs to A. (iii) If U; Z Uy then Ay, = 0 for all A 
in A. 
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Proof. The lattice dimension of any element W of & is the number of join- 
irreducible elements of £ which it contains [1, p. 139]. Suppose that 


Uy, .-+5Ur 
1 t 


are the join-irreducible elements contained in W. Then the A,th,... , 4,th sets 
of basis vectors for V taken altogether will be a basis for W. Now let A be as 
in (ii) and we see that if U,; Z W then AW = 0 and that if U, C W then 
AW © U,C U; C W;; hence in all cases W is invariant under A, which esta- 
blishes part (ii) of the lemma. As a consequence of (ii) we see that for each j 
the idempotent matrix E, which has i, 7 component identity and all other 
components zero is an element of &. Now (i) follows by consideration of sums of 
elements E,AE,. Finally, to establish (iii) we suppose that A belongs to W% and 
observe that for each vector u in U, the vector v’ = E,AEw must again lie 
in U,;. As an element of the image space of E, the vector v’ must be a linear 
combination of basis vectors belonging to the ith set. Now, if A,, # 0 there 
exist vectors v in U, for which v’ # 0. Hence, 0 C U,1\ U; Z UZ. Since U; is 
join-irreducible this requires U; C U;. Therefore, we conclude that if U, Z U; 
then A,, = 0 for all A in &. 


THEOREM 4. Every distributive lattice is closed. An algebra U of linear transfor- 
mations is closed with % = U* distributive if and only if the irreducible constituents 
of A are inequivalent total matrix algebras. 


Proof. Let & be an algebra of linear transformations whose irreducible con- 
stituents are inequivalent total matrix algebras over a sfield f. Let 


0=VWCUC...CVvs=V 


be a composition series for the space V of &. Then we can select a basis for V 
adapted to this composition series so that & takes the form & = ||%,,|| where 
(i) each &,, for i > 7 is zero; (ii) each W,, is a total matrix algebra and no two 
of the &,, are equivalent; (iii) each M,, for i < j is either zero or the set of all 
n, by n, f-matrices where n, = dimension V, — Vj, = degree W,,; and (iv) the 
non-zero %,; are completely independent (i.e., they satisfy condition (i) of 
Lemma 4). 

That & = Y%* is distributive of dimension / follows from the fact that the / 
irreducible constituents of & are inequivalent and hence that % can contain no 
projective root. We now search for the join-irreducible elements of &. 

We subdivide the basis vectors for V in terms of which & is written into / 
sets with m, in the jth set and in such a manner that the elements of the first 7 
sets form a basis for V, (j = 1,..., 2). Let 3, = {is,..., i¢(= j)} be the set of 
all indices i for which A,; # 0. Then for each j let U, be the subspace of V 
generated by all of the elements in the i,th, . . . , 7,th sets of basis vectors. We 
now show that U;,..., U, are the join-irreducible elements of L, and moreover, 
that 2 is isomorphic to the lattice 8 of subsets of § = }1,...,/} generated by 
the $,. 
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Suppose that A,, ~ 0, let B’ be any m, by n, f-matrix, and let B be the element 
of & with B,, = B’ and all other components zero. Since by (iv) any A in ¥& is 
a sum of such B, to establish invariance of any space under Y it is sufficient to 
test invariance only under all matrices of type B in &. Now, unless k © 3, 
we have BU, = 0, and if k € 3, then BU, C U,, where of course A © Q,. 
If 3, © 3, we would have U, C U,;and hence U, invariant under B. Hence, we 
conclude that a sufficient condition for invariance of all the U, is that for each j, 
k € 3, only if 3, © 3;. To see that this is true we suppose # © &,, k © &, 
and select B as above. Then select an m, by n, f-matrix C’ such that D’ = 
B’C’ # 0 and let C be the element of & having C,, = C’ and all other com- 
ponents zero. Now D = BC has D,,; = D’ and so A,,; # 0, that is, h y,. 
Thus the U, all belong to &. 

The proof of the join-irreducibility of the U, rests again on (iv). Let W be 
any Y%-subspace of U, which is not contained in V,_,. Let w be a vector of W 
which does not lie in Vj, let 7 € &,, and let z be any element of the 7th set of 
basis vectors. Then we can find an n, by m, matrix B’ such that Bw = z where B 
is the matrix of & with B,, = B’ and all other components zero. Hence W = U,. 
Now in any expression of U, as a sum of %-spaces at least one of the summands 
must contain vectors of U, which do not lie in V,_, and hence one of the sum- 
mands is U, itself. This shows that U 

Let W be any element of ¥, let 


‘ 


is join-irreducible. 


J 


PPrrers 
be the join-irreducible elements of % contained in W, and let 3(W) = jj:,..., js} 
Then 
W=U,U...UU,, 3(W) = 35, UU... US;, 
and W has a basis consisting of the elements of the j,th, . . . , 7,th sets of basis 


vectors. Moreover, W is uniquely determined by the element 3(W) of &. 
Furthermore, W, C W, if and only if $(W;) C &(W,). In other words, the 
mapping >>: W — 3(W) of & into § is 1-1 and isotone. Now, since ¢ is a lattice, 
¥’ = >} is also a lattice and is isomorphic [1, p. 21] to Y. But, since & contains 
each 3, = 3(U,), and since ¥% is generated by the %,, we conclude that 5 is 
an isomorphism of ¥ onto §$. 

Now consider 8 = Y%**+ = &+. According to Lemma 3 we see that B,, = 0 
if and only if U;, Z U,, and hence if and only if 3, Z &, and hence if and only if 
%,; = 0. Now, since the non-zero components Y,, of % are completely indepen- 
dent, and since & C B, we conclude that A = B, that is, A is closed. 

Finally, to see that every distributive lattice 2 is closed we apply Lemma 4 
and note that the lattice $ defined by A&I = &* is isomorphic to & as well as to 
¢+*; or, even more simply, observe that the join-irreducible subspaces of & are 
again join-irreducible in %**. 


6. The distributive case for non-closed algebras. We next consider the 
question “For what algebras & is ¥ = Y* distributive?” approached from the 
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following point of view. Suppose a distributive sublattice 2 of M is given. Then 
we ask “‘For which subalgebras A of B = L+ is A* = YL?” 

If the irreducible constituents A,, of UW are the same as those of B then either 
% = B or some component W,, of A is zero whereas B,, ~ 0. But then, by 
Theorem 4, %* > &. Hence, the zero components of %{ must be the same as those 
of %. Thus in order to have A* = Y and AC B we must have equivalence 
between some of the irreducible constituents of %. We assume (with no loss of 
generality) that two irreducible constituents of & are equal if they are equivalent. 


THEOREM 5. Let & be a distributive sublattice of N. Let the set ¥ = }1,...,1} 
be partitioned into subsets 31,..., 3%, in such a way that 

(1) 4 and k belong to the same set X, only if n, = ny, and 

(2) the set of all U, for h © 3,form a chain in &. 
Then there exists a subalgebra UA of B = L* for which A* = Land having A», = An 
whenever both h and k belong to one of the sets 3 ,. Conversely, suppose A < B and 
W* = L. Let 31,..., 3, be the equivalence classes of % defined by the equivalence 
relation h ~ k if and only if Un = Axe. Then the sets 3; satisfy (1) and (2). 


Proof. For the first part of the theorem we take for & the algebra whose com- 
ponents are the same as those of 8 except for the stipulated equalities U,, = We. 
Now either %* is not distributive or by repeated applications of Lemma 2 we 
get U*+ = B and hence 2 = Y*. 

Suppose that &* is not distributive, then it contains a prime projective root 
f = [R; S, T, U; W] normal [2, §4] with respect to the chain 0 = V» C Vi C 
...C V,; = V, say Vi/ Vin, W/T, U/R, V;/V;-1 is a sequence of transposes 
and V,;° SC Vy... (We are here using the fact that dim %* = dim & and 
sO a maximal chain in & is also a maximal chain in the larger lattice Y*.) 
Clearly, i and j must lie together in one of the sets %,. 

We refer once again to the basis chosen for V in § 5 above. For any vector 
vin V we speak of the first set of m, coefficients, .. . , /th set of , coefficients. 
By our choice of basis every vector in S (or in R) has all coefficients arbitrary 
(but, of course, with all coefficients zero in sets h > 7). Moreover, any vector 
v of W which has zero coefficients in the jth set must lie in W(\ Vy. = S, 
and, similarly, if » © T or U) and has zero coefficients in the jth place then 
v € R=SC\T. Also, since V;f\ R = V;_-1 any vector u of R which has zero 
coefficients in all sets except possibly the ith set must be zero. 

Now let v be a vector in T with not all zero coefficients in the jth set. Since 
U,C UyAg = By # Vand there is an n, by n, matrix A’ such that the matrix 
A in & having A,, = A’ and other components zero sends v into a vector u = Av 
having zero coefficients in all sets except the ith set and having non-zero co- 
efficients in the ith set. This vector u cannot belong to R, but on the other hand 
if T is invariant under A we have u = Av € T(\ Vy. = R. Thus we see that 
T cannot be an &-space. This contradicition arose from our assumption that 
%* was not distributive. We therefore conclude that %* is distributive, and the 
first part of the theorem is established. 
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Conversely, let & be a subalgebra of B having A* = LY. Then either the 
theorem is true or there is a pair of indices i < j for which M,, = A;, and 
U, Z U;. In this case we have from Lemma 3 that 8,,; = 0 and hence that 
Wis = 0. 

Suppose that 

rr | © 


are the join-irreducible elements of % properly contained in U,. Then 
U; = Uz,U...U Up, 


is the unique maximal subspace of U; Let R= Vi,s,VUU/; S=RUUG 
and T = RU U;,,. Since U, does not contain U;no U;, can contain U,; hence 


Un 1 U,S Uy S Vier 


(here U;’ is the unique maximal subspace of U’,). Since & is distributive R (\ U; 
= U; and so S/R is a transpose of U;,/U,/. On the other hand since V;_,; 
(\ U, S& Uj we see that R(\ U; = Uj; hence T/R is a transpose of U,/U/. 

By our hypothesis that &,, = &%,, we have T — R operator isomorphic to 
S — R. Hence, by Lemma 1 with W = S\ T and for a ¥ 0 in f, we see that 
the projective root [R;S, 7, Q,; W] is contained in Y*, contrary to our hypo- 
thesis that 2 = Y* is distributive. This contradiction arises from the assumption 
U, Z U;, and so the theorem follows. 

Results similar to Theorem 5 can be obtained for “super diagonal’’ com- 
ponents of %,, of A, but the theory here is not yet complete. 


7. Some unsettled problems. We have seen that projective closure and the 
relative imbedding property are necessary conditions for closure of a lattice. 
It is not yet known whether these two conditions are also sufficient. The answer 
to this question may depend on the nature of f, in particular whether or not it 
is algebraically closed. 

All of the examples known to the author of sublattices which fail to possess 
the relative imbedding property also fail to be projectively closed. This suggests 
that projective closure may imply the relative imbedding property. Again the 
answer may depend on the nature of f. 

We close the present paper with an example of a lattice which does not have 
the relative imbedding property. Let f be the rational field, let Z be a f-space of 
dimension 2, and let V be the fourfold Cartesian direct sum of Z with itself, 
i.e., the vectors v of V are the form (2;, 22, 23, 24) with z, in Z. Let 8 be a linear 
transformation on Z with eigenvalues 2 and 3 and corresponding eigenvectors 
2’ and 2” (i.e., Bz’ = 22 and Bz” = 23). 

Let ® be the lattice of all f-subspaces of V and let & be the finite sublattice 
of dimension / = 4 whose join-irreducible subspaces are 


{ (z1,0,0,0)}; { (1,21,0,0)}; { (21,821,0,0)}; { (z:,22,0,0)}; 


{ (0,21,22,0)}; { (21,22,21,0)}; { (0,21,22,23)}. 


he 
nd 
at 








A GALOIS CONNECTION 239 


(Here, for instance, { (21, 22, 21, 0)} denotes the set of all vectors of the form 
(21, Z2, 2;, 0) obtained as 2, and z, range independently over Z.) 

Suppose that there exists a 4-dimensional complemented modular sublattice 
M of NM which contains %. Clearly L is simple; therefore M is simple. Then 
{1, Chap. VIII, Theorem 6] M is a projective geometry of dimension 3 over a 
sfield ; since 2 C N and f is the rational field, R D f. This implies, in particu- 
lar, that M contains all elements of N projectively related to 2 with respect to f 
(i.e., all Q, with } in f). Then the space { (z, 22, 0,0)} belongs to IM. But now 
} (21, 212, 0, 0)} C\ { (21, Bz, 0, 0)} contains the non-zero vector (z’, 2’2, 0, 0) and 
hence has f-dimension 1. Hence, dim I > 4. 

This example, although closely related to it, does not apply to the Dilworth- 
Hall problem [1, p. 121, Problem 55] since as an abstract lattice 2 can be im- 
bedded in a complemented modular lattice of dimension 4. 
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A ONE-REGULAR GRAPH OF DEGREE THREE 
ROBERT FRUCHT 


1. Introduction. Soon after the publication of Tutte’s paper [5] on m-cages, 
H.S. M. Coxeter asked in a letter to the author whether one-regular graphs of 
degree 3 exist. The purpose of the following paper is to show by an example 
that the answer is in the affirmative. 

To avoid repetitions for the definitions of the terms: finite graph, group of 
automorphisms of a graph, regular graphs of degree 3 (or cubical graphs), etc. 
the reader is referred to a former paper by the author [4, pp. 365-366]. Let us 
add only the definition of a symmetrical graph, as it seems that this term has 
not yet been defined explicitly, although it has been used by Foster [3], who 
gave a list of the symmetrical graphs known to him, and defined implicitly by 
Tutte [5], whose “‘s-regular cubical graphs” are nothing else than those sym- 
metrical graphs which are connected and regular of degree 3. 


Definition. A finite and connected graph is called symmetrical if for any two 
arcs AB and CD of the graph its group contains at least one transformation 
which takes the vertex A into C, and B into D. 


Finally, we shall need Tutte’s definition [5] that a graph of degree 3 is s-regular 
if it is connected, and if for any two s-arcs S,, S; there is a unique transformation 
of the graph which carries S; into S.; here an s-arc is any path Ay — A; ~ A2— 

.— A, formed by s consecutive arcs Ay > Ai, A; ~ A2o,..., As-1 7 A; Of 
the graph taken in a definite sense; of course A, # A, for i # j. 

Tutte was especially interested in the problem of finding m-cages, i.e., those 
s-regular graphs of degree 3 where s takes its maximal value 


s = [3m + 1], 


m being here the girth of the graph, i.e., the least number of arcs forming a closed 
polygon (or m-circuit); he showed also that s < 5 for any symmetrical graph 
of degree 3. 

The present paper is concerned with the other extreme case, that of the lowest 
possible degree of symmetry a symmetrical graph of degree 3 can possess. 
Coxeter [1, p. 421] had found that there are infinitely many cubical graphs with 
s = 2, but it seems that hitherto no example with s = 1 was known. 

In §3 such an example will be given. Unfortunately this graph has 432 
vertices (hence 648 edges) so that it is practically impossible to draw it on a 
sheet of paper. The author hopes however that someone else will find a one- 
regular graph of degree 3 with fewer vertices. 
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The construction of the new graph is based on a general method (described in 
§2) which might be of some interest in itself apart from the use made of it here, 
as it would allow us to find also other symmetrical graphs of degree 3. 


2. A general method for constructing symmetrical graphs of degree 3. In this 
section H will be any group of finite order g which can be generated by three 
elements of order 2. Let a, dz, @3 be these generators, a» the identity, and a4, as, 

, ay, the other elements of H. 

Then a graph G with g vertices can be defined as follows: 

(i) With every element a, (¢ = 0,1, 2,...,g — 1) of H we associate a vertex 
of G which shall be called a, also, since there will be no danger of confusion. 

(ii) Any two vertices a, and a, of G shall be joined by an arc if, and only if, 
in H the product aa; is equal to one of the three generating elements. 

In other words, the relation 


(R) ag; = d; 


must hold in H with k = 1 or 2 or 3, if a, and a, are the endpoints of an arc in 
G; and no other arcs besides those just defined are introduced. 

Note that by taking the inverse of both sides, relation (R) may be given the 
equivalent form: 


(R’) aa;' =a, (k = 1, 2, 3), 
since a;-' = a,. It is thus seen that the relation (R) is only apparently asym- 
metrical in the subscripts 7 and j. 

THEOREM 2.1. The graph G just defined is regular of degree 3. 


(In Tutte’s terminology such a graph, where each vertex is an endpoint of three 
arcs, is called “‘cubical.’’) 

Proof. From the defining relations (R) or (R’) we have a, = a,a,, whence it 
follows that for any given vertex a; (t = 0,1, 2,...,g — 1) of G thére are just 
three arcs ending there, viz, those whose other endpoints are a,;a;, a2a,;, and 
aya ,, respectively. 


THEOREM 2.2. The graph G is connected. 


Proof. It will be sufficient to show that for any vertex a, of the graph G there 
is some s-arc joining it with a (the vertex corresponding to the identity of H). 
Since H is generated by a, @2, a3, the element a, of H can be written as some 
product of generators, say 


Ay = Ay, Ap Ay, . ~ - Ay, ,Qx,, 


where all the suffices ki, Ro, ..., &, can take only the values 1, 2, 3; moreover, 
it can be assumed that no “partial product” 


ee (¢{>1,t+u<s) 
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be equal to the identity a» (because otherwise it could be omitted from the total 
product). Then 


ag —> Ay,, Ae, —> Az,—,Ax,, Ae,—, Az, > Ae,—,2z,—,An,, - ++ 5 


Oy Ax, - + - Oy, —> Ay, Ay Ap, « . - Ay, 

are arcs of the graph G since they satisfy the condition (R), and joining them in 
the sense indicated by the arrows we obtain the desired s-arc leading from 
ao to ay. 


THEOREM 2.3. If a; and a, are any two vertices of the graph G, the group of 
automorphisms of G contains at least one transformation which takes a, into ay. 


Proof. Let T, (p = 0,1, 2,...,g — 1) be that permutation of the vertices of 
G which takes a, (i = 0, 1, 2,..., g — 1) into the vertex corresponding to the 
product a,: 

a,” = a@,; 
then 7, belongs to the transformations of the group of automorphisms of G. 
Indeed, if a, is the other endpoint of an arc a,—> a,, we have only to show that 
a,7*— a,’* is also an arc of G. But by (R), aa;' = a, (where k = 1, 2, or 3); 
hence 


a,” . (a,"")* = (aga,)(aa,)* = aga, a; = aa; = a, 


and this is, by (R), just the condition for a,7* and a,’* to be endpoints of an 
arc in G. 


Now, if a, and a, are the two vertices considered in the theorem, the transfor- 
mation 7, takes any a, into a@,, and hence da» into aga, = a;. In an analogous 
manner 7, takes a» into a,. Hence the product 7 ;—'T,, i.e., the inverse transfor- 
mation 7;~', followed by 7,, takes a, into a,, and thus satisfies Theorem 2.3. 

It might be remarked as a corollary that the g transformations 7», 7;, ..., 
T,—1 constitute a group simply isomorphic to H. 

The theorem thus proved tells us, in other words, that the group of auto- 
morphisms of G is transitive on the vertices; note that this is less than symmetry 
(as defined in §1) which requires transitivity at least on the 1-arcs. In order 
to obtain symmetrical graphs of degree 3 it will be necessary to impose a further 
condition on the group H. (So far it had only been required that H be generated 
by three elements of order 2.) Since this condition has to do with the auto- 
morphisms of the group H, it will be convenient to state first the following 
theorem: 


THEOREM 2.4. Let the group H (generated by three elements of order 2) admit 
an automorphism » which permutes the three generators of H. If this auto- 
mor phism carries any element a, of H into a, then the corresponding permutation 
of the vertices of G is a transformation of G belonging to its group of automorphisms. 
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Proof. We have only to show that, if a; and a, are endpoints of an arc in G, 
so also are a anda. Since ¢ is an automorphism of H, 


af. (af) =a). (a; = (a,;"y, 


and replacing a;' by a, (where k = 1, 2, or 3), we have 
o @\-1 co 
a; .(a;) =a. 
But we made the assumption that @ only permutes the generators a), d2, a3; 
hence a,° is also one of the generating elements, say a, (¢ = 1, 2, 3). Thus we 
have obtained 


a}. (a?) = a, (g = 1, 2, 3); 


and this is, according to (R), the condition for a and a/ to be endpoints of an 
arc in G. 

Having proved Theorem 2.4, we now give a sufficient condition for obtaining 
symmetrical graphs of degree 3. 


THEOREM 2.5. If the group H admits an automorphism such that the three 
generators of order 2 undergo a cyclic permutation, then the graph G is symmetrical. 


Proof. Let a,;— a, and a, — a, be any two arcs in G; then Theorem 2.5 will 
be proved if we can show that the group of automorphisms of G contains at 
least one transformation @ fulfilling the two conditions: 


(C) a, = a, and a; =a, 


To obtain such a transformation @ we proceed as follows: as in the proof of 
Theorem 2.3, let 7, be that transformation of G which replaces any vertex a, by 
a,, let @ be the transformation of G corresponding (by Theorem 2.4) to the 
automorphism ¢ of H whose existence is supposed in Theorem 2.5; then also 
the three products (read from left to right) 


6, = T;*¢"T, (n = 1, 2, 3) 


are transformations belonging to the group of the graph. We will show that just 
one of them fulfils the two conditions (C). 

It is obvious that the first of these conditions is satisfied for each value of n; 
indeed, 7 ;=—' replaces a; by ao, any power of @ leaves do fixed, and 7, takes ap 
into a,. As to the second condition, the following argument may be used: 

By (R) we have not only a, = a,a; (k = 1, 2, 3), but also that a,“ is a 
generator, 


aa,” = a; (¢ = 1, 2, or 3). 


Now, since ¢@ is supposed to produce a cyclic permutation on the generators 
@), 22, a3, some power of ¢ will replace a, by a;. Let ¢" be that power of ¢, then 
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a,’ =a, (mn = 1, 2, or 3), 
and it follows readily that also the second condition (C) is satisfied by the 
transformation @ = 6, = T;—'¢"T,, since 
—~19"T'« 


= (aa,)** = d,. 


6. Ti; “T T 
&, = (a,4;) = a; ‘= a; P 


We close this section by giving three examples of symmetrical graphs of degree 
3 which can be obtained by Theorem 2.5. 

(1) The simplest example of a group H which can be generated by three (but 
not less than three) elements of order 2 (and which admits an automorphism of 
the kind established in Theorem 2.5) is the direct product {a;} XK {a2} X {as} 
of order 8. It is easy to see that the corresponding graph G is that of the vertices 
and edges of a cube. 

(2) The symmetric group of degree 4 and order 4! = 24 can be generated by 
a, = (1 2), a2 = (1 3), a3 = (14). The corresponding graph turns out to be 
Foster’s [11-13 [3, Fig. 9]; it iscalled {12} + {12/5} by Coxeter [1, pp. 439, 440]. 

(3) An apparently new symmetrical graph with 64 vertices and girth 8 corre- 
sponds to the group of order 64 which can be generated by the following permu- 
tations on twelve symbols: 


a, = (12)(3 4)( 911), 
a2 = (13)(5 6)( 7 8), 
a3 = (5 7)(9 10)(11 12). 


(As an abstract group, it can be characterized by the condition that all the 
commutators be invariant elements.) 


3. Example of a one-regular graph of degree 3. The symmetrical graphs 
mentioned as examples at the end of the foregoing section are 2-regular. It is 
easy to see that this is due to the fact that in these examples the group H does 
not only admit an automorphism allowing a cyclic permutation of the generators, 
but is formally symmetrical in the three generators, admitting, e.g., an auto- 
morphism which leaves a; fixed and replaces a; by dz. 

This fact seemed to justify the author’s hope of obtaining a one-regular graph 
of degree 3 by the method of Theorem 2.5, if a group H could be found which 
admits automorphisms producing cyclic permutations of the three generators of 
order 2, but no automorphism leaving a; fixed while interchanging a; and a». 


We will show that such a group is that generated by the following three permu- 
tations on nine symbols: 


a, = (1 2)(3 5)(48), 
az = (1 3)(2 6)(5 9), 
a; = (1 4)(2 3)(6 7). 


In this section the letter H will be used to denote the group with these generators. 


THEOREM 3.1. The group H just defined admits an automorphism @ satisfying 
the conditions: 
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a, =a: as =a; as =a; 
but there is no automorphism y of H satisfying the conditions: 

ay =a2, as =a, as =a; 

Proof. \f{ 6 is the following permutation: 
b = (132)(456)(789), 
it is immediately seen that 
bayb = a2, bab =a;, bad = a; 
whence it follows that the automorphism 
af = bad (i = 0,1,2,...,g —1) 


satisfies the conditions of Theorem 3.1. It may be remarked that this is an 
inner automorphism of the group H, since b is an element of H; indeed a some- 
what lengthy computation shows that 


2 2,3 , 
b = { (aya3)° (ayaeaya3)°}* - (aya2a103) ‘aya. 


To prove that no automorphism y of H can exist which leaves a; fixed while 
interchanging a; and a2, compute the product 


€ = Gx2(a901)*(asa2) "a2, 


from which it is found that e = ao. Assuming the existence of an automorphism 
¥ and applying it to the product e just introduced, we would have 

e = asa;(ax02)*(asa1)*a201; 
but since ¢ = do, the left-hand side of the last equation must likewise be the 
identity a9; the right-hand side however is found equal to 


(168)(257)(3 49), 


hence distinct from the identity. This contradiction shows the impossibility of 
the existence of y. 


THEOREM 3.2. The graph G of degree 3 which corresponds to the group H is 
one-regular. 


Proof. That G is at least one-regular follows from Theorems 2.5 and 3.1. It 
remains to be shown that G is not 2-regular. This can be done as follows: 

We have already seen, in the proof of Theorem 2.2, that the endpoints of the 
s-arcs beginning with a» are the ‘‘non-trivial’’ products of s generating elements 
(where “non-trivial’’ means that there are no partial products equal to the 
identity); e.g., the six 2-arcs beginning with a» are 
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ao? a, > G21, A974, 231, Ao d2— A102, 

ao 42-7 2342, Gog a3 4103, A> a3 — A203. 
In an analogous manner we can form the twelve 3-arcs beginning with do, etc. 
By computing all the products of 2, 3, 4, . . . generators of our group H, it turns 
out that these endpoints of the s-arcs beginning with ay are all different so long 
as s < 5. But of the endpoints of the 96 six-arcs beginning with a» only 77 are 


distinct, since it turns out that there are fifteen pairs of such 6-arcs with a 
common endpoint, and two triples of such 6-arcs, viz, those ending with 


0381020 Ae = M2 AeA eds = A302 301030; = (15 9)(2 48)(3 67) 
or 


1103901030203 = B28102010 30, = 230203020102 


(195)(284)(376). 


These two vertices are thus characterized as the only endpoints of triples of 
6-arcs beginning with ao; therefore no transformation of G can exist that leaves 
a fixed but carries one of these 6-arcs into a 6-arc ending at some other vertex. 
Now the two triples of 6-arcs just considered begin with one of the following 
three 2-arcs: 


ao — a2 — 102, ao — a3 —> A203, or ao — a, — 2301; 


hence no transformation of G can take one of these three 2-arcs into any of the 
other three 2-arcs beginning with ao. This means that G is not 2-regular. 


Coro.tiary. The graph G is of girth 12. 


Indeed a 12-circuit can be formed with two of the 6-arcs of one of the triples 
just mentioned, but no m-circuit exists with m < 12. 


THEOREM 3.3. The one-regular graph just found has 432 vertices. 


Proof. Since the number of vertices of G is equal to the order of the group H, 
we have only to prove that the group generated by 


a; = (12)(35)(48), a2 = (13)(26)(59), as = (14)(23)(67), 


is of order 432. 

It is easy to see that the order of this group H is either 432 or some factor 
contained in 432. Indeed, the generators a:, @2, a3, and hence any permutation 
of H, leave fixed the following triple system of 9 elements: 


129; 137; 145; 168; 238; 246; 257; 349; 356; 478; 589; 679; 
and it has been pointed out by Emch [2] that the group of all the permutations 


which leave a triple system of nine elements invariant, has the order 432, since 
it is simply isomorphic to the holomorph of the noncyclic group of order 9. 
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Hence our group H is simply isomorphic either to the same holomorph of order 

432 or to some proper subgroup of it. It remains only to be shown that this second 

alternative does not take place, i.e., that the order of H cannot be less than 432. 
Our group H is transitive, since the eight permutations a, @2, as, 


@;090, = (15)(28)(67), ayaea, = (16)(2 5)(3 9), 
ayaa; = (18)(25)(34), asaiae = (19)(3 6)(48), 
Q2A302a; = (17 3)(26 4), 
replace the symbol “‘1”’ respectively by 2, 3,...,9. According to a well-known 


theorem, the order of H will be nine times that of the subgroup H, formed by all 
the permutations of H each of which leaves the symbol “1” fixed. But this 
subgroup H, contains the following three permutations: 


30203 = (24)(37)(59),  asaeasa9a;a3 = (259 4)(3 67 8), 
(a:a3)* - ayaeayayaya2 = (27893 6)(45). 


It is readily shown by computing all the products of the last two permutations 
(which are even) that it is possible to form 24 different even permutations which 
leave the symbol “1” fixed. Hence H, (containing also the odd permutation 
@342a;3) cannot have an order less than 48, and H cannot be of order less than 432. 


COROLLARY. The group of automorphisms of the graph described in this section 
is of order 1296. 


Indeed it is a regular permutation group on the 1296 one-arcs. 


Addendum. 

It was kindly pointed out by Coxeter (in a letter to the author) that the one- 
regular graph described in the last section could be derived from the regular 
hyperbolic tesselation {12, 3} by making appropriate identifications; in other 
words, it could be embedded in a surface of characteristic —108 (or genus 55) 
so as to form a map of 108 dodecagons (in agreement with the Corollary to 
Theorem 3.2). 
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F-EQUATION FOURIER TRANSFORMS 
G. F. D. DUFF 


Introduction. For solutions of the differential difference ‘F-equation’ 


(1) £ F(a) = F(z,a + 1), 
there are representations as a generating series [5], 
(2) F(z,a) = d f(a + n)—, 


and as a contour integral [3], 
(3) F(z,a) = | exp(as + ze*)g(s)ds. 
Cc 


Integrals of the type (3) have certain formal properties which are reflected 
in identities satisfied by solutions of (1). In this note are given some relations 
which hold when the integral is taken to be a complex Fourier transform with 
respect to the variable a. The special properties of Fourier integrals lead to some 
additional results in this case. 

The interest of the equation (1) lies in the fact, which was pointed out by 
Truesdell [5], that many useful special functions can be expressed as solutions 
of the equation. Working with the F-equation, Truesdell was able to classify 
many of the formulae satisfied by such functions, to generalize some of them, 
and to discover additional relations. 


1. Fourier integral representations. If a solution F(z,a) of (1) is repre- 
sented in the forms (2) and (3), we may call f(a) the coefficient function, and 
g(s) the spectrum function, of the given solution. For the case in hand, these 
two functions are a Fourier pair. That is, the formulae 


(4) f(a) = | “e*e(sras, g(s) = | “eo ™6(a)da, 


hold in some sense. The factor 27 has been written in the exponentials for 
convenience. We consider, therefore, solutions with the representations 


(5) F(z,a) = | exp(2rias + ze **)g(s)ds = > f(a a ny. 
—m n=0 . 


Since the relation between f(a) and g(s) is skew reciprocal, we may, with the 
alteration of a sign, form a second solution in which their roles are interchanged. 
In this way a conjugate solution 


(6) G(z,a) = | 


Received February 15, 1951; in revised form May 17, 1951. Written while the author was 
a Procter Fellow at Princeton University. 


n 


exp(— 2mias + 2e°**)f(s)ds = >> g(a + n)— 


n=0 
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is constructed, whose coefficient function is the spectrum function of F(z, a). 
The relation between F(z, a) and G(z, a) is skew reciprocal with respect to a. 


Example 1. Let 


0 < Ri) <1. 


Then [2, § 521], 
g(s) = (2nis) “ee, 


and we have 


1 @ ae 2" 
F(z,a) = Too (a + n) ‘Tt 


@ n 
— Z 
G(z,a) = (2x1) *e"* >, ———_ 
(a) = (ni) "6" 
These functions are related to the generalized zeta function and to Spence’s 
transcedent [5, p. 172]. 


THEOREM I. The functions 
(7) exp(te~™” “) F(z,a), exp(ze™ “)G(t,a), 


are solutions of (1) in the variables z, a and t, a, respectively. For all z, t, they are 
a Fourier pair in a. 


Proof. The exponential factors are periodic in a of period 1, which clearly 
justifies the first statement. To demonstrate the transform property, we note 
that the transform of g(s + n) is f(a)e~***, so that if m is an integer 


| exp(2sias + ze™*)g(s + n)ds = | exp(2ria(t —n) + ze” **)g(t)dt 


=é€ ert" F(a). 


Multiply by ¢/n! and sum. Using (2) and (3) we find that 
(8) | exp(2rias + ze” “*)G(t,s)ds = exp(te™™” *) F(z,a), 


which expresses the result. 

We may therefore introduce parameters into our formulae by replacing any 
pair f(a), g(s) by the pair (7). We shall see below that any valid formula con- 
taining the pair f(a), g(s) remains valid if this substitution is made. 

We investigate the sense in which the above formulae hold. Since we shall 
have f(a) and its transform g(s) tending ultimately to zero except in sets of 
small measure, it is clear that the series in (5) and (6) converge for all z like the 
exponential function, and define entire analytic functions of z, for almost all a. 
Since s is real, we have 


2ris 


(9) |exp(ze""")| < e* 
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Hence, if we suppose that f and g are L(— ©, ~), or L?(— ©, ~), the integrals 
(5) and (6) converge, or converge in mean, uniformly with respect to z. Thus, 
if (4) hold in either sense, then (5), (6), and (7) hold in the same sense for all z. 

Let f(a) be L?(— ©, @), then except in a set of arbitrarily small measure, 
the members of the sequence f(a a n)| (mn = 0,1,2,...) are less than some 
function M(a). Hence, except in this set, the series (5) converges like the ex- 
ponential function and we have (see also [5, Corollary 11.6). 


THEOREM II. Jf f(a) is L?(—@, ©), p > O, the function F(z, a) given by (5) 
satisfies 


(10) | F(z,a)| < M(a)e", 
where M (a) is defined for almost all a. 


2. Product formulae. The results of this section concern solutions of (1) 
whose coefficient or spectrum functions are products of the corresponding 
functions for known solutions. We use the formulae for Fourier transforms given 
in [4, Chap. 2]. 

THEOREM III. Let F,(z, a) and F,(z,a) have coefficient functions f,(a), f2(a), 
and spectrum functions g:(s), g2(s), respectively. Let g:(s) and g2(s) be L(— @,@). 
Then the unique solution F(z, a) of (1) with coefficient function f,(a)f2(a) is given by 


F(z,a) = FYF:2(z,a) 
= | e** “*g,(s) F2(ze™" *,a)ds 


(11) -| e** “*9,(s) Fi (ze™ *,a)ds 


ll 
eee } 
8 


exp(2rias + ze” *)g(s)ds 


“a 


- 


> fila + n)fe(a + n)— , 


n=0 


where 


(12) g(s) = | gi(s — t)ge(t)dt 
is the transform of the product f,(a)f2(a). 


Proof. Under these hypotheses, the first two integrals converge absolutely, 
since the exponential factors are bounded and the F factors bounded and 
periodic in s. The convergence is uniform with respect to z and a, provided that 
the absolute values of these variables are bounded. The integrals define, there- 
fore, analytic functions of z. Since [4, Theorem 41] g(s) is L(— @©,@), the third 
integral also converges absolutely and uniformly. Each expression is a solution 
of (1), as is easily verified. Finally, the coefficient function of each solution is 
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fi(a)f2(a), since each expression reduces to this value when z = 0. It is clear 
that the coefficient function determines the solution uniquely, and the theorem 
follows. 

This theorem is an adaptation to the present case of a result given in [3]. 


Example. The product solution of the pair given in Example 1 is 
(2ri) "ew 
T(u) smo (a + m)n! 
_ (2xi)*e** 
l(u)a 


where ;F;, is the confluent hypergeometric function. 


F*G(z,a) 


iFi(a;a + 1;2), 


THEOREM IV. Let fi(a), fe(a) and their transforms be L*(—@,). Then 


(13) | F%G:(z,a)da = | F3Gi(z,a)da = Ce’. 
Proof. Substitute the series expansion for the solution on the left. We find 
4 =) 2) n @ n ao 
2 fila + g(a + n)—da = ) >" | fila + m)g2(a + n)da 


= «| fila)ge(a)da = Ce’, 


the last step holding since the integral is independent of n. In view of the 
Parseval theorem [4, p. 69], the integral corresponding to the second expression 
has the same value C. This proves (13). 

The next result is a sort of dual to Theorem III, since it involves solutions 
whose spectrum functions are products. The conditions are somewhat different 
however. 


THEOREM V. Let f;(a) and f2(a) be L*(—@,@), and let their convolution be 
denoted by f(a). Then the solution of (1) with coefficient function f(a) is given by 


H(z,a) = FiF,(z,a) 


| “ Fi(sa — s)fo(s)ds 


(14) = | F,(z,a — s)fi(s)ds 


| exp(2rias + ze” ")g,(s)go(s)ds 


i) 2” 
L fla + n)-. 


n=0 


Proof. The conditions stated ensure that f(a) exists, that g,(s) and g2(s) are 
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L?(—@,@), and therefore that g:(s) go(s) is L(— @,). The third integral 
is therefore absolutely and uniformly convergent. Since F,; and F; are also 
L*(—«,@), uniformly with respect to z and a, in their dependence upon s, 
the fir-t two integrals also converge absolutely and uniformly. The four expres- 
sions therefore define analytic functions of z which are entire. As in the proof of 
Theorem III, it is clear that each expression is a solution of (1) and that each 
reduces to the same coefficient function f(a) when z = 0. This completes the 
proof. 


THEOREM VI. H(z, a) being defined as in Theorem V, we have 
(15) | F,(x,a — s)F2(y,8 + s)ds = H(x + y,a + 8). 


Proof. From (5) it is clear that F,(x,a +s) is the transform of 
exp(2rias+xe*)g,(s) and F2(y,8+s) the transform of exp(2rifs + ye***)go(s). 
The integral (15) is the convolution of these two solutions and therefore its 
transform is the product of their transforms. But the third integral of (14) shows 
that this transform is precisely H(x + y, a + 8). 


THEOREM VII. Let F,(z,a) and G,(z,a) be pairs of conjugate solutions fer 
i = 1,2. Then 


(16) FiF:(z,a), G%G2(z,a) 
are a pair of conjugate solutions. 


Proof. The coefficient functions of the pair (16) are the Fourier pair 


| “ave — s)f2(s)ds, gi(a)ge(a). 


We shall now give some examples of these formulae. If f(a) is a rational 
function of a, expressible by quotients of gamma functions, the series (5) takes 
the form of a generalized hypergeometric function. The transform g(s) is a sum 
of rational functions multiplied by exponentials, and the conjugate series (6) 
can also be expressed in terms of hypergeometric series in this case. 


Example 2. (2, § 438]. Let 


‘on a> 0, 
fala) = \o ; a <0. 
Then 
gs(s) = (8 — 2xis)™, R(g) > 0, 
Fs(z,a) = exp(— Ba + ze ”» a> 0, 


Gs(z,a) = (8 — 2xia) Fila — B/2ei;a +1 — B/2zi: 2). 
We have 
FGF, = Fe;,(z,a), R(g) > 0, R(y) > 0, 


——————— es 









fer 


> 0, 


> 0 





ee ee ee) 
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G3G,(z,a) = (8 — 2wia)*(y — 2ria)™ 


X 2F2(a — B/2ri,a — y/2eri;a +1 — B/2xi;a +1 — y/2zi;2), 


F3F, =(y- 8)~*lexp(— Ba + ze *) exp\— ya + ze 7), 
using [2, § 448], and 
GG, _ Gp+y- 
From Theorem IV we have [2, p. 30] 
7 — &xp(s — By/2n) i( x) 
| “P56, (¢0)da = wi Ei xi)" 


Example 3. Let [2, § 708], 
fa(a) = exp(— xa’/8), R(8) > 0, 


ga(s) =»/B exp(— Bs") = 1/8 fip(s). 
We then have 


F;(z,a) = 2 exp(— r(a+n)’, 6). 


Gs(z,a) = \/BFi,(z,2). 


By Theorem I, the functions 


> exp(— r(a+n)*/B+ mye V8X exp(— rB(a + n)* + se)t 
are a Fourier pair. Also 
FSF, = Foxy; FeF, =\/B + vFov per 
By Theorem IV, 
| ” FSF, (2,0)da = VBy/(1 + Bre’, 


and by Theorem VI, 


| Fs(x,a + s)F,(y,b — s)ds = VB + 1 Fey pay (X + y,a + dD). 


3. Generating series. In this section we shall use the Poisson formula for 
Fourier transforms to evaluate certain bilateral generating series for conjugate 
solutions. The Poisson formula [1, p. 33] 


(17) Ysm) = Den), 


a= n=—co 


holds if, for instance, f(a) is L(—©,), of bounded variation, and tends 
monotonically to zero at infinity. 
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THEOREM VIII. Let F(z,a) and G(z, a) be a pair of conjugate solutions of (1). 
Let the Fourier pair determining them be such that (17) holds. Then 


(18) > Flea + ne" = exp(ze-™")K (6,2), 


n=—oo 


» G(z,a + n)e™™ = exp(ze™")L (0,2), 


n=——c 


where K (0, a) and L(6@, a) are periodic of period 1 in a. Furthermore, 
(19) L(0,a) = e*“"K(— a8). 


Proof. We assume that @ and a are real, though the result may hold more 
generally. Under the conditions stated, and in view of Theorem II, the generating 
series (18) define analytic functions of z regular for z = 0. Let S = S(z, a, 6) 
denote the first of these series. Then 


a2 = > F(eat+tn+ ije™™ = e~*"S, 


using (1) and changing the summation index from n to m + 1. Integrating this 
equation, we find that S is of the form (18). The periodicity of K and L is evident. 
Setting z = 0, we have to prove (19). Now the transform of f(s + a) is 
g(s)e***, and the transform of g(s +a) is f(s)e~-™*“*. Inserting these in (17) 
and taking account of (18), we find precisely (19). The formula taking account 
of the translations holds under the same conditions as (17). This proves the 
theorem. Two particular cases of this result may be mentioned. 


(a) If F(z, a) and G(z, a) are conjugate and (17) holds, then 


(20) > F(z,n) = = G(zn) = Ke’. 


n= n=—ao 


Example 4. Taking fs(a) = exp(— 2a?/8) as in Example 3, we find that 


B*>: Fa(zn) = >> Fip(en) = D(B)e’, 


n=—ow n=—co 


where [1, p. 152] 


is related to the theta functions. 


(b) If F(z, a) is any solution of (1) such that the indicated series converge, 


(21) > F(z, + n)e™™ = exp(ze”) >: fla + n)e™™". 


n=—c n=—cD 


Example 5 (2, § 444). 
fla) = (@° +B)"; g(s) = 2ab Me, 
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1). Then 
F(z,a) = (a° + b*)~'F2(a + iba — ib; a + ib + 1,0 — ib + 1;2), 
? 
G(z,a) = 2xb~'exp(— 2xab + ze”), a>0. 
| 
To evaluate the sum K(6, a) on the right-hand side of (21), we use (17), since 
the sum over g(s) is more tractable. Letting [x] denote the greatest integer 
| contained in x, we find 
K(«) = i {en(= 2xb{@ + 1 — [6]} + 2ni[@ + 1Ja) 
re) “head 1 — exp(— 2xb — 2mia) 
ore 4 2P(- 2b — [6}} + 2nite) | 
ing 1 — exp(— 2b + 2ria) ; 
8) As another example of some of the formulae of this paper, we include 
, 
Example 6. For n = 1,2,..., let [4, p. 76] 
1 —ra? we _ ss 
tain | fn(a) = (2* "nl)* © H,(2~/ ra), &n(S) =s Sn (s). 
= | Here H,(x) is the nth Hermite polynomial. The f,(a) form a complete ortho- 
| normal set in L?(—«,«), hence the solutions F,(z, a) form a base for the 
17) solutions of (1) whose coefficient functions are L*. We have 
unt 
the G,(z,a) = i "F,(z,a), 
FF n(z,0) = 2) a(mn,p)F,(z,0), 
FrFm(z,a) = i"*" >> i%a(m,n,p)F,(z,0), 
p=0 
hat 
where 
a(mn,p) = [. Sm (s)fa(s)f,(s)ds 
} is =] 
is symmetric in m, nm, and p, and vanishes if m + n + p is odd. Some further 
T expansions in terms of these coefficients are 
| e “* F*F,(z,s)ds = exp(ze-™) >> i’a(m,p,r)f,(a), 
—o r=0 
rge, 


ns 


| e* * FF, (z,s)ds - exp(ze***)i"*? >> a(m,p,r)f,(a), 


r= 
and 


| | "Fata + s)F,(y,8 — s)ds = my i'a(m,p,r) F(x + y,a + B). 
—_ r=0 
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Also (18) hold for the pair F_(z, a), G,(z, a), with 
K,,(0,a) = i"L»(0,a) = i"e *“'K,,( — a,8). 


The function Ko(@, ), p an integer, is a theta function. 

Although solutions F(z,a) of (1) of the Fourier type possess convenient 
formal properties, their behaviour as functions of z is rather restricted, as 
Theorem II shows. However, many of these properties carry over to integrals 
of Laplace transform type which represent many of the functions to which the 
equation (1) may be applied. It may be noted that the Fourier solutions exhibit 
markedly different behaviour as functions of z and of a, since they are analytic 
in z but may only be measurable as functions of a. 

I am indebted to Professor Truesdell for valuable criticism of this paper. 
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